ADEE7718

Cs 133

HANDBOOK SERIES LINEAR ALGEBRA

SINGULAR VALUE DECOMPOSITION
AND
LEAST SQUARES SOLUTIONS

BY

G. H. GOLUB
AND
C. REINSCH

TECHNICAL REPORT NO. CS 133
MAY 1969

COMPUTER SCIENCE DEPARTMEN}'
School of HumanRies and Sclences

STANFORD UNIVERSITY




HANDBOOK SERIES LINEAR ALGEBRA

Singulsr Vslue Decomposition
and
Least Squares Solutions

Contributed by

G. H. Goludb
C. Reinsch

Computer Science Department

Stanford University

Reproduction in whole or in part is permitted
for any purpose of the United States Govermment.



HANDBOOK SERIES LINEAR ALGEBKA
SINGTIAR VATUE DECOMPOSITICN
AND

LEAST SQUARES SOLUTIONS

Contributed by

G. H. Golub® and Z. Reinsch®

1. Theoretical Background

1.1 Introduction.

Let A b2 a real mxn matrix with m>n . It 1s well known
(cf. [L]) tuat

A= Umxnznxnvrnxn (1)

vhere UUm=I , W =I and = d12g(3 500,09 ) .

*
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The matrix U consists of n orthonormmlized eigenvectors associatved
with the n largest eigenvalues of MT » and the matrix V conaists
of the orthornorma.ized ejgervectors of ATA . The diagonal elements of

I are the non-negative square roots of the eigenvalues of ATA ; they

arce called singular values. We ghall assume that
9,20, 2... 20 >0.

Thus if rank (A) = r , 41 ™ pep = +++ = 0, = 0. The decomposition

(1) is called the singular value decompcsition (SVD).
If the matrix U 4is not needed, it would appear that cne could apply

the usual diagonalization algorithms to the symmetric matrix ATA which
has to be formed explicitly. However, as in the case of linear least squares
problems, the computat ion of ATA involves unnecessary numerical inaccuracy.

For example, let

then ATA = 2 5o that
1 148

0,(8) = @)Y, o a) - fo] .

Ir 32 <€, the machine precision, the comuuted ATA has the form

, and the best one may cbtain from diagonalization is



o, =J/2, ?1'2 =0,

To compute the singular value decomnposition of a given matrix A,
Forsythe and Henrici [ 2], Hestenes [8 ], and Kogbetliantz [9 ] propused
methods based on plane rotations. Kublanovskaya [10] suggested a
QR-type method. The program described below first uses Householder
transformations to reduce A to bidiagonal form, and then the QR
algorithm to find the eigenvalues of the bidiagonal matrix. The two

phases properly combined produce the singular value decomposition of A .

1.2 Reduction to bidiagonal form.

It was shown in [6 ] how to construct two finite sequences of

Householder transformations

T
P(k) =I- 2x(k)x(k) (x = 1,2,...,n)

and

PR
Q™) 1 . 2y()y(K) (k = 1,2,...,n-2)

T T
(where x(k) x(k) - y(k) y(k) =1 ) such that



P p(1ag(1),, o(m-2) |
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an upper bidiagonal matrix. If we let A(l) = A and define

alkR) | pli), (k) (k = 1,2,¢00,n)

alke1) ) (et o (k) (k = 1,2,...,0-2)
then =(k) is deteruined such that

ag’*) =0 (f = k+l,...,m)

and Q(k) such that

&‘(‘154-1) -0 (3 = k+2,...,n) .

The singular values of J(o) are the same as those of A . Thus,
if the singular value decomposition of '
5 o caf

then



A =i

so that U = PG » Ve m{ with Ps= P(l)“‘P(n) ’ Q - q(l).‘.q(“‘a) .

1.3 8ingular value decomposition of the bidiagonal matrix.

(0)

By a variant of the QR algorithm, the matrix J is iteratively

diagonalized go that

0) 1}

J( -oJ(

4 eee =L

S | T (4, (0)

and 8(1) » '!“') are orthogonal. The matrices T(i)

(1) S0

are chosen so that

the sequence M converges to a diagonal matrix while the

mtrices 8(") are chosen so that all J(i)

are of the bidiagonal form.
In [7 ], another technique for deriving (sm} and ['r(i)} is given
but this is equivalent to the method described below.

for notational convenlence, we drop the suffix and use the notation

sadlt) | 3ag®) g 501 40

Nels , A=Yy .

The transition J = J 1is achieved by application of Givens rotations to

J alternately from the right and the left, Thus

3 T T T
J = snsn-l “ee 82 J Tg'r’ see Tn (2)

st ®



where

(k=1) (k)
o l O -y
2 .
1
".osok -si.nok (k=1)
UK t 4
sind,  cos@ (x)

and Tk is defined analcgously to Sk with cpk instead of Ok .
Ict the first argle, =, 6 , be arbitrary while all the other angles

are chogen so that J has - same form as J . Thus,

T, annihilates nothing, generates an entry (J]2l R w

s’ annihilates {J]?l , generates an entry [J]l3 , ‘ )

)

T. annihilates [J]15 , generates an entry (JJ52 ’

and finally
sT annihilates (J} , and generates nothing. J
n nyn=1

e fimre on next page.)



% =

Fieure 1
Tiis process is frequently deseribed as "chasine™. Sine. 7 = SJT ,
fr-3"7 - o

and M 4s & tri-diagonal mateix just as M is. We cnow that the first
angle, 02 s, whioh is still undetermined, can be chosen so that the transition
M~ ¥ is a QR transformation with a given shift s .
The usual QK ulgorithm with shifts is Jescribed as f'ollows:
\
(M-sI) = TR, N
- (k)
RT +sI=M
g a s
wher« 'I":;'.l’s =1 ~and RB is an upper triangulsr msirix. lhus l.lls " 'I‘._I:Ml‘._ .
1t has been chown by Francis [5] that it is not neccssary tc -ompute (k)
explicitly but it is possible to perform the shift impiicitly. Let T

be for the moment an arbitrary matrix suci: that
Tl =Th, k= bLoe,n

(i.e., the elements of the first column of T, are equul to the first
column of T ) and

T w1 .



Then we have the following theorem (Francis):
1) ¥ =T,
11) M 1is a tri-diagonal mawrix,

ii1) the sub~diagonal elements of M ure non-zero,

it follows that M = Diq!D wvhere D is a diagonal matrix whose diagonsl

elements are +1 .

Thus choosing T, in (3) such tha* its first column is proportional
to that of M-8I , the game ls true for the first column of the product
T = TQTE"'Tn whinh therefore is identical to that of 'r' o Hence, 1if
the sub-diagonal of M does not ccntain any non-zero ent>*y the conditions
of the Francis theorem are fulfilled and T is therefore identical to T.
(up to a scaling of column +1 ). Thus the transition (2) is equvalent

TJ with a given ghift s .

to the QR transformation of J
The shift parameter s 18 determined by an eigenvaliie of the lower
2x2 minor of M ., Wilkinson (13} has shown thst for thia choice of & ,

the method converges globally and almost always cubically.

1.4 Test for convergence.

It |e | <&, a prescribed tolerance, then |q | 1is accepted as
a singular velue, and the order of the matrix is dropped by one. If,
however, |e | <5 for k f# n, the matrix breaks into two, and the
singular values of e¢ach block may be wmputed independently,

If qk = O , then at least one singular value must be equal to zero.
In the absence of roundoff error, the matrix will break if a shift of zerc

is performed, Now, suppose at some stage

8



lol <2 .

At this stage an extra sequence of Givens rotations is applied from the

left to J involving rows (k, k+1) , (k, x#2) ,..., (k, n) so that

¢ ° {J]k,kﬂ. is arnihilated, but {J}k,k+2 R {J}kﬂ.,k are generated,
{J]k,k*a is annihilated, out Ulk,l&} ’ [J}k+2,k are generated,
and finally

[J}k,n is anninilated, and {J]n,k s generated.

The matrix obtained thusly has the form

(x)

e
e
[

J = Q

Note by orthogonality

-2 2

2
Yt Byt

)

Berl B+l ke

dﬂl =(Il

(x) .



Thus choosing 5 = HJ(O)lLeO (¢, » the machine precision) ensures that all
5, are less in magnitude than ‘o“J(°)|L . Elements of J not greater
than this are neglected., Hence J breaks up into two parts which may be

treated independently.

10



2.  Applicability

There are a large number of applications of the & ngular value

decomposition; an extensive list is given in [7]. Some of these are

a3 follows:

2.1 Pseudcinverse (procedure SVD).

Let A be a real mgn matrix, An nxm matrix X is said to
be the pseudoinverse of A if X satiasfies the following four
properties:

1) AXA = A

i) XAX = X

111)  (Ax)T = AX

v) (A =xa .

The unique solution is denocted by A+ . It is easy to verify that if

A= UEV , then A" = ve't’? where £ - 41!8(3;:) and

Yo, for o, >0

¢] for 01-0 .

Thus the pseudoinverse may easily be computed from the output provided by
the procedure SVD.

2.2 Solution of homogeneous equations (procedure SVD or procedure Minfit)
let A be a matrix of rank r , and suppose we wigh to solve
Axi-o for 1 = r+l,,..,n

where © denotes the null vector.

1



Let
U= [ul,ue,...,un] and V = [vl've’-u-'vn] .
Then since Au, = o,v, (1 =1,2,...,n) ,

Aui-O for {1 = 3+l,...,n

and x1 :-ui .

Here the procedure SVD or the procedure Minfit with p = 0 may be
used for determining the solution. If the rank of A 1is known, then a
modification of the algorithm of Businger and Golub [1 ] may be used.

2.3 Solutions of minimal length (procedurc Minfit).

Let b be a given vector. Suppose we wish to determine a vector x

80 that
o - Ax||, = min . )

If the rank of A 1is less tharn n then there is no unique solution.

Thus we require amongst all x which satisfy (5) that
I, = mtn.

and this solution is unique. It is easy to verify that
J.( = A+b - VZ+UTb = V}:"c .

The procedure Minfit with p > 0 will yield the components for the solution

to this problen.



2.4 A generalization of the least squares problem {procedure SVD)

Let A be a real mxn matrix of rank n and let b be a gi.on

vector, We wish to construct a vector x such that

(A + A)x =1 + &b
and

&TAb + X trace (MTM) = min, (6)

Here K > 0 1is a given weight and the standard problem is obtained

for K -~e ., It can be shown that the solution is given by
x = (ATA - 1)t ATy

where the non-negative constant u is determined as the smallest root of

bb - uK = bA(ATA - wI) L ATe . (1)

The minimum of (6) is given by uK . Using the decomposition A = vt

and ¢ = Ub » equation (7) becomes

bTb - K = (g - wD) Mg (8)

A combination of bisection and Newton iteration may be used to determine
it in the interval 0_<_u<o§.

It is also possible to determine 1 as a solu“ion to a singular value
problem using a technique used by Forsythe and Golub [2 ]. Consider the

identity

Y
det = det (X) det (W-2X"1Y)
W



which is valid for any partitioned matrix with X and W square and

det(X) A 0. Thus (7) is equivalent to the determinantal equation

AfAeur AT
det =0 .
'bTA bTb-u.K

A short manipulation shows that /u is the smallest singular value of

GE(A,ﬁl—b) .

Once u 1is determined, the solution x can be computed from
the SVD of i . Thus

~~

x = V(T - u}:-l)-l c

1k



Ze Formal Parameter List

3.1 Input to procedure ivg.

m number of rows of A, m>n.

n number of columns of A .

withu true i€ U is desired, false otherwise.

withv true if V 1is desired, false otherwise.

eps a constant used in the test for convergence (ue Section 5,

(1i11)); should not be smaller than the machine precision €
i.e., the smallest number for which T+e > 1 in computer
arithmetic.

tol a machine dependent ccnstant which should be set equal to
8/ €, where B 1is the smallest positive number representable
in the computer, see [11).

af1:m,1:n) represents the matrix A to be deconposed.

Output of procedure SVD.

q[1:n] a vector holding the singular values of A , they are non-
negative but not neccssarily ordered in decreasing sequence.

u[1:m,1:n) represents the matrix U with orthonormalized columns,
(if withu is true, otherwise u is used as a working
storage).

v[1:n,1:n) represents the orthogonal matrix V (if withv is true,

othervise v is not used).

15



3.2 Input to procedure Minfit.

m number of rows of A .

n number of columns of A .

P number of columns of B, p>0.

eps same as for procedure SVD.

tol same as for procedure SVD.

ab{1:max(m,n),1:n+p] ab[i,j] represents 8 57 1<1<m, 1<J<n,
t4

ab[i,n+j] represents b, 30 i<i<m, 1<J<p.
»
Output to procedure Minfit.

ab[1:max(m,n),1:n+p] ab{i,i] represents Vigr ¥S1<m, 1 <3<n,

14

ab(i,n+j] represents c y 1 <1< max(mn), 1< Sp)

- 1’j
viz. C=UB.

q(1:n) same as for procedure SVD.

16



. Algol Programs.

procedure  SVD (m,n,withu,withv,eps,tol) data: (a) result: (q,u,v);

yalue m,n,withu,withv,eps,tol;

integer m,n;

Boolean withu,withv;

real eps,tol;

array 8,Q,u,V;
comment

Computation of the singular values and complete orthogonal decomposition
of a real rectangular matrix b

A = U ding(q) V', UU =V =1,

where the arrays a[1:m,1:n), u[1:m,1:n}, v[1:n,1:n), q(1:n) represent
A, U, V, g respectively. The actual parameters corresponding to 8, u, v
may all te identical unless withu = withv = true. In this case, the actual

parameters corresponding to u and v must differ. m > n is ussumed;

begin
integer i,j,k,}_,y;
real c,f,g,h,8,%,¥,2;
array  e{1:n];
for 1:=1 step * untilm do

for j:=1 step 1 uatil n do ul4,J]:sa[1,3];

comment Householder's reduction to bidiagonal form;

17



gimx:mQ;
for i:=t step 1 wntil n do
begin
eli):=g; 8:=0; lrwi+1;
for j:=i step ' until m do s:=g + u[J,1]12;
if 8 < tol then g:=0 else
begin
fieuft,1]; gi= if £ <O Hl_ggm(s) else -sqrt(s);
himf¥*g-g; uli,1):=l-g;
for J:=l step 1 watil n do
begin
8:=0;
for k:=i step 1 until m do i:=s + u[k,i)]*u[k,j];
f:=8/h;
for k:=i step 1 until m do ulk,j}:=u(k,j] + r*ulk,1]
end j
end 5
qli):=g; 8:=0;
for J:=1 step 1 until n do s:=s + u[i,j]t2;
if 8 < tol then g:=0 else
begin
fimu[1,141]; g:= 4f £ < O then sgrt(s) else -sqri(s);
hi=fg-s; uli,i+1]):=f-g;
for j:=1 step ! until n do e{J):m=uli, j)/h;

for j:=1 step ! until m do

18



-4

begin
8:=0;
for ki=1 step 1 until n do s:=a + u[J,k)*u[i,k];

for k:=l step 1 until n do u{J,k):=ulj,k] + sre(k]

end §

&

s
y:eabs(ql1])+abs(e{i]); if v > x then x:=y
end 1;
comment accumulation of right-hand transformations;

LF withy then for 1i=n step -1 umtf) 1 do
Degin
if g £ O then
begin
h:=u{i,i+1]%g;

for j:=l step 1 until n do v[J,i):mul1,3)/b;

for j:=l step ! until n do
begin
s:=0;
for k:=] step 1 until n do s:=s + uf{i,k}*v(k,Jl;
for k:=1 step 1 until n do v(k,j):=v[k,3] + s*v(k,1]
end §
end g;
for J:=) step 1 until n do v[4,j):mv[j,1):=0;
v(i,4]):m1; gime[1]; l:mi

end i;

19



comment accumulation of left-hand transformations;
Lf yithy then for i:-n step -1 until 1 do
begin
Lli=itt; gimg[i];
for j:=1 step ! until n do uli, §):=0;
if g £ O then
begin
hiwu(1,i]%g;
for ji=l gtep 1 until n do

begin
8:=0;

for k:=l step ' until m do s:=s + uik,i)*ulx, jl;
f:=s/h;
for k:=i step 1 until m do ulk,j]:=ulk,3j] + teu[k,i]
end j;
for j:=i step 1 until m do u[Jj,i):=ul],i)/g
end g
else for j:=i step 1 until m do u[J,i]):=0;
ufi,i):=ul1,1] + 1
end i;

comment diagonalization of the bidiagonal form;

eps :=eps¥x;

for ki=n step -1 until 1 do

begin
test £ glittgm:

for 1l:=k step -1 until 1 do

20



comment cancellation of e[1l] if 1 > 14

cancellation:
cim0; s:=1; 1li:=1-1;
for 1:= step 1 witil k do
begin
frus¥e[i]); e[i]:mc*e[i];
if abs(f) S eps then goto test f convergen:e;
g:=q(1]; himq[i]:=8qrt (f¥f + g*g); c:=g/h; 8:=-f/h;
Af withs then for j:=1 step | witil m do
begin
yi=u[3,111; z:=u(J,1);
u[;j,y]:- yec + z*s; ulj,1]:=-y*s + z%c
end J

end i;

test f convergence:
Y Y ]
z:=q[k]; if 1 = k then gcto convergence;

comment shift from bottom 2%2 minor;

x:=q[1]; y:=q{k-1]; g:=e[k-1]; hime[X];
£:=((y-z)*(y+z) + (g-h)*(e+h)) / (2%n%y); g:=8qrt(f#f + 1);

ri=((x-z)*(x+2 + h*(y/(if £ < O then f-g else f+g) - h)) / x;

21



comment next QR transformation;
Ci=8:x1]
for i:sl+! step 1 until k do
begin
g:=e[1]; y:=q(i}; h:=s%g; g:=c¥g;
e[i-‘l]:sz:r_w (£#f + h*h); ci=f/z; s:=h/z;
fi=x¥c + g*c; g:=-x*s + g*c; hisy¥s; y:=y¥c;
if withy tlen for ji= step ! until n do
begin
x:=v[j,i=1}; z:=v[3,1];
v{j,i=-1]):=x*c + z*s; v[j,i):1==x¥*8 + z¥c
end j;
qli-1]:=z:=5qrt (f*f + h*h); c:=f/z; s:=h/z;
f:=c*g + g%y; x:=-8¥g + c¥y;

if withu then for j:=1 step 1 until m do

|

i

F
(]
=]

yi=uld,i-11; z:=ulJ,1];
ulj,i-i):=y*c + z¥8; u[Jj,i):=-s%s + z*c
end j
end i;
e[1]:=0; e[k]:=f; q[k]:=x; goto test f splitting;
convergence:
if z < O tnen
begin comment q[k] is made non-negative;
qlk]):=-z;
if withy then for j:=1 step 1 until n do v{Jj,k]:=-v[J,k]
end z
end k

end SVP;



procedure Minfit (m,n,p,m,l:&l_) ‘trans: (ab) result: {q);
value m,n,p,eps,tol;
integer m,n,p;
real eps,tol;
array ab,q;
comment
Computation of the matrices diag(g), V, and C sach that for given real

2*2 matrix ﬁ and m matrix E

Ug AV = diag(q) and U:gla = C with orthogonal matrices U, and V.

~

The singular values and the matrices }_{ and C may be used to determine X

minimizing (1) ||AJ(-B||F and (2) HXHF with the solution
% = V * Pgeudo-inverse of diag(q) * C.

The procedure can also be used to determine the complete solution of an
underdetermined linear system, i.e., rank(i) =an<n.

The array q[1:n] represente the matrix diug(s), A and B together are to

be given as the first m rows of the array ab|1:mx§m,n).1 ;p:g!. Vis

returned in the first h rovs and columns of ER while E is returned in the

last p columns of ab (if R>2);

begin
integer 1,J,k,1,11,n!,np;
x‘ea.l C,f,g,h,B,x,y,Z;

array  e[1:n];

comment Housenclder's reduction to bidiagonal form;

23



g:=x:=0; np:=n+p;
for 1:=1 step 1 until n do
begin
e[i):=g; 8:=0; l:=ist;
Tor j:=i step 1 unti) m do s:=s + ablJj,1]12;
if & < 2ol then g:=0 else
begin
f:=ab[i,i); g:= if £ <O MM(S) else -m(s);
h:=f%g-8; ab[i,i}):=f-g;

for j:=l step 1 until np do

begin
§:=0;
for k:=i step 1 until m do s:ms + ab[k,1)%ablk,j];
f:=s/h;
for k:=i step 1 until m do ab[k,j):=ab[k,j] + f#ab[k,i]
end j
end s;
qli):=g; 8:=0;
if 1 S m then for j:=l step 1 until n do s:=s + ab[1,3]12;
if s < tol then g:=0 else
begin
f:=ab(i,i+1]; g:= if £ < O then sqrt(s) else -sqrt(s);
himf*g-g; ab[i,i+1]:=r-g;
for j:=1 step 1 until n do e[J):=ab[{,J)/h;

for j:=1 step 1 until m do

24



begin
8:=0;
for k:=l step 1
for k:=1 step 1

end J

until n do s:=s + ab[},k]*ab[1,k];

until n do ab[Jj,k):=ab[Jj,k] + s*e[k]

[ ]
y:=abs(q(1]) + abs(e[1]); if ¥y > x then x:my

B

-

end i;
comment accumulation of right-hand transformations;

for i:en step -1 until 1 do

begin
if g 4 O then
begin

h:=ab(1i,i+1]%g;
for j:=L step 1
for j:=l step 1 until n do
begin

8:=0;

for k:=1 stegp 1

for k:=L step 1

until n do ab(Jj,i]:=ab[1,j]/h;

until n do s:=s + sb(i,k]*ablk,j];

until n do ab[k,j):=ab[k,J} + s*ablk,1i]

end J

end &;
for j:=l step 1 until n do ab[4,J):eab[J,1]:=0;

ab{1,1):=1; g:me[i]; l:mi

end i;

25



eps:=eps¥x; nl:=n+i;
for i:=n1 step 1 until m do

for j:=ni1 step 1 until np do ab{i, 3] :=0;
comment diagonalizetion of the bidiagonal form;

for k:=n step -1 until % do

begin
test f splitting:

for 1l:=k step -1 until ' dc
begin

if abs(e[}_]) IS eps then goto test f convergence;

if abs(q[i—ﬂ) s eps then goto cancellation

end 1;

— '

comment cancellation of e[i] i 1>1;

cancellation:
ci=0; 8=l 11:=1-1;
for 1:=] step ! wntil k do
Begin
f:=s*e[1]; e[i):=c®e[i];
g‘g}&(f) s eps then goto test I convergence;
g:=q(1]; q[i]:mh:msqrt(f*f + g*g); ci=g/h; s:e-f/h;
for Ji=ni step 1 until np do
begin
y:=ab[11,3); z:=abli,J];
ab[1!,J):=c*y + s*z; ab[i,j]:=-8%y + c*z
end J
end i;

26



test f copvergence:
APt Pud
z:=q[k]}; if 1 = k then goto convergence;

E
(34

shift from bottom 2%2 minor;

x:mq[1]); y:=q(k-1]; g:=e[k-1]; hime(k];
f::((y-2)%(y+z) + (g-h)*(e+h)) / (2%n¥y); gi=sqrt(f*f + 1);
£:m((x-z)#(x+z) + h*(y/(4f £ < O then t-g else f+g) - h)) / x;
comment next QR transformation;
Cimg:mi;
for i:=1+1 step | until k do
begin
g:me{1]; yimq[i]; h:ms*g; g:=c¥g;
e[i-l]:-z:-w(r*f + h*h); cimf/z; s:=h/z;
fimX¥c + ghsy; gim-x¥tg + ghc; hiay¥s; y:my¥:;
for j:=1 step 1 until n do
begin
x:=ab(J,1-1]; z:=ablJ,1];
ab[j,i~1]:mx*c + z#8; ab[j,1):=-x¥s + z¥c
end 3;
q[i-ﬂ:-z:-:g;t‘(ﬂf + h*h); c:=f/z: s:mwh/z;
. fimcig + ghy; X:imaghg + c¥y;
for gient step 1 untdl np do
begin
y:= ab[i-1,3]; z:=ab[1,3];
abli-1,J]:mcHy + s¥*z; ab(i,;):m-ghy + c*z
end J
end 1;
e[1):=0; e(k]:af; q[k]:mx; goto test f splitting;
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sonvergence:

if z <O then

begin comment q[k] is made non-negative ;

q(k] :=-z;
for j:=1 step ! until n do ab[J,k):=-adb[j,k]
end z
end k
end Minfit;
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1)

(1)

(11)

(111)

Organizational and Notational Details

The matrix U consists of the first n columns of an orthogonal
watrix L. e The following modification of the procedure SVD would

produce v, instead of U : After

comment accumulation of left-hand transformations;

insert a statement

if withu then for i:=n+1 step 1 until m do
begin
for ji=n+1 step 1 until m do ufi,j}:=0;
ufi,i]:=t

end 13

Moreover, replace n by m in the fourth and eighth line after

that, i.e., write twice for j:=l step 1 until m do.

m z n is assumed for procedure SVD. This 18 no restriction;
if m<n, store AT s 1.e., use an array at [1:n,1:m] where
at(i,J] represents a4 and call SVD(n,m,withv,withu,eps,tol,at,q,v,u)
producing the m*m matrix U and the n*m matrix V . There is no

restriction on the values of m and n for the procedure Minfit.
-~ o~ L a et

In the iterative part of the procedures an element of J(i) is
considered to be negligible and is consequently replaced by zero
if it is not larger in magnitude than ex wvhere e 18 Lhe given

tolerance and



(iv)

(v)

(vi)

(vii)

X = max (|qi|+|e1|) .
1<isn

The largest singular value g, & bounded by x//2 < 9 < X2 .

A program organization was chosen which allows to save stcrage
locations. To this end the actual parameters corresponding to 2
and u may be identical. In this event the original information
stored in 8 is overwritten by information on the reduction.
Tnis, in turn, is overwritten by u if the lctlier is desired.
Likewise, the actual parameters corresponding to s and v may
agree, Then Yy is stored in the upper part or e if it is
desired, otherwise a is not changed. Finally, all three
parameters & , u, and v may be identical unless withu =

This special feature, however, increases the number of multiplications
needed tc torm U roughly by a factor 5/3 .

4

Shifts are evaluated in a way as to reduce the danger of overflow

or underflow of exponents.

The singular values as delivered in the array q are not necessarily
ordered. Any sorting of them should be accompanied by the corresponding

sorting of the columns of U and V , and of the rows of C .

The formal paremeter list may bc completed by the addition of a limit
for the number of iterations to be performed, and by the addition of
a failure exit to be taken if no convergence is reached after the

specified number of iterations (f.e., 30 per singular value).
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6. Mumerica) Properties

The stability of the Householder transformations has been demonstrated
by Wilkinson [12]. 1In additinn, he has shown that in the absence of
roundoff the QR algorithm has global convergence and asymptotically is
almost always cubically convergent.

The numerical experiments indicate that the average number of complete
QR iterations on the bidiagonal matrix is usually less than two per
singular value. Extra consideration must be given to the implicit shift
technique which fails for a split matrix. The difficulties arise when
there are smill qk'l or ek'l « Using the techniques of Section 1.4,
there can not be numerical instability since stavle orthogonal transformations
are used but under special circymstances there may be a slow down in the

1

rate of convergence,
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Te Test Results

Tests were carried out on the UNIVAC 1108 Computer of the Andrew R.
Jennings Computing Center of Case Wertern Reserve University. Floating
point mumbers are represented by a normalized 27 bit mantissa and a
7 bit exponent to the radix 2, whence eps = 1.510-8 » tol = 431

In the following, computed values are marked by a tilde and m(A) denotes

ml"i,jl .
First example:

- " T

22 10 2 3 ﬂ -1 1 0

i 7 10 0 8 2 -1 1

-1 13 =-1-11 3 1 10 11

3 -2 13 -2 b L 0 &

A= Bm

9 8 1 -2 &4 0 -6 -6

9 1 -7 5 -1 =3 6 3

2 -6 6 5 1 1 11 12

- 2 -5 a
L ¥ 5 0 -2 ] L 0 -5 -5 J

cl-llzloB, o, =20, aj-IBBIo, 0h-as-o.

The homogeneous system Ax = @ has two linearly independent solutions.
Six QR tranaformations were necessary to drop all off-diagonal elements
below the internal tolerance h6.h10-8 . Table 1 gives the singular
values in the sequence as computed by procedures m and m. The

accuracy of the achieved decomposition is characterized by

m(h - B =238, =8, a0V-1) 2818, a@V-1) =33.8.
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Table 1

3, 0,5,
o‘ %10-7 '9- 6
19.595916 191
19.999999 143
1.97,45-7 -19,7 * 10'8
35.327038 518

The computed solutions of the homogenecus system are given by the first

and fourth column of the matrix V¥ (Table 2).

Table 2
Vl Vu Vl-vl vu-vh
-0.4190 9545 0 -1.5 0 (Def.)
0.4405 0912 0.4185 4806 1.7 0.6
-0.0520 0L57 0,387 9006 1.2 -1.3 ) * 1078
0.6760 5915 0.24h41 53CS 1.0 0.3
0.4129 7730 -0.8022 1713 1.3 -0.8 J

Procedure % was used to compute the solutions of the minimization
nroblem of Section 2.3 corresponding tc the three right-hand sides as given
by the columns of the matrix B . Table 3 lists the exat solutions and
the results obtained when the first and fourth value in Table 1 are

replaced by zero,
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x X 5 * x5 X
-1/12 0 -1/12 -0.C833 3333 o.17lo-8 -0.0833 %333
o] o} 0 -0.5810-% -1.0910-8 -1.1110-8
/4 0 1/ 2.2500 0002 1.5510—8 0.2500 GO03
-1/12 ) -1/ -0.0%.% 3332 °'7“1o‘8 -0.08%3 3332
1z 0 1/12 9.0F33 233Y 0.3310—8 0.0833 3334
Residual
0 8/ &5

A second example is the 20%¥I]1 matrix with entries

O if 1>
1<i<20

a, .= {213 if 1 =j
> lgjcer

-1 if 1<

which has orthogonal rows and singular values Ok = 4 k(k+1) ,

K = Oyeesy20 « Theoretically, the Householder reduction should produce

a matric J(o) with diagonal -20,0,...,0 and super-diagonal
P

-‘20,02,...,020 . Under the influence of rounding errors a totally
ditferent matrix results. However, within working accuracy its singular

values agree with those of the original matrix. Convergence is reached

k >
several units in the last digit, o__ = 1.6l =11,
1 10

after 32 QR transformations and the K=1,...,20 are correct within

A third example is obtained if the diagonal of the foregoing example

is changed to

34



This matrix has a cluster of singular values, clO to 019 lying between

1.5 and 1.6, 9o = /2, 95, = 0 . Clusters, in general, have a
tendency to reduce the number of required iterations; in this example,
26 iterations were necessary for convergence. '&’21 = 1.&910-8 is

found in eighteenth position and the corresponding column of ¥ differs
from the unique solution of the homogeneous system by less than 3.1&10-8
in any component.

A second test was made by Dr. Peter Businger on the CLC 6£00.

Acknowledgement: The authors wish to thank Dr. Peter Businger of Bell

Telephone laboratories for his stimulating comments.
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