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INTRODUCTION

Shape grammars provide & means for the recursive specification of shapes.
The formalism lor shape grammars is designed lo be easily ussble and
understandable by pecpie and al the same time o be adaplable for use in
computer programs.

Shape grammars are simidar to phrase structure grammars, which were
developed by Chomsky [i956, 1957] Where a phrase siructure grammar is
defined cver an alphabet of symbols and genersles & language of sequences of
symbels, a8 shape grammar is defined over an alphabel of shapes and generales a
language of shapes.

This disserlation explores the uses of shape grammars The dissertalion is
divided inlo three seclions snd an appendix

in the first section: Shape grammars are defined Some simple examples are
given for instructive purposes Shape grammars are used to generale & new class
of reversible figures Shape grammars are given for some well-known
mathematicai curves (the Snowflake curve, & varigtion of Peanc's curve, and
Hilbert’s curve). To show the general compulationa! power of shape grammars, 8
procedure thal given any Turing machine constructs & shape grammar that simulates
the cperation of tha! Turing machine is presenied Relsted work on various
formalisms for picture grammars is described A symbolic characterization of shape
grammars is given thal is useful for impiementing shape grammars in computer

programs.



in the second seclion, @ progrem thal uses & shape grammar to solve &
perceplual ltask is described The task involves analyzing and comparing line
drawings that porlray three-dmensionai objects of a restricted type.

The third section is divided into two parts. First, 3 formalism for generating
paintings is defined The primary component of this formalism is a shape grammar.
The psintings generated are materia! representations of shapes specified by shape
grammars. The compuler implementation of this formalism is described The
second part is concerned with sesthetics. A formalism is defined for specifying an
aesthelic viewpoint. The formalism is used to specify & particulsr aesthelic
viewpoinl for inlerpreling and evalualing paintings generated using shape
grammars. This viewpoin! has been implemented on the computer. The net result
is that the program described in Secticn 3 can be used to interactively define the
ruies for producing & painting, can use the rules to generate and dispiay the
resuiting painting, and can then evaluale the painting relalive to the specific
aesthelic viewpoint. Relationships between the formaiir . for gestr~'iz viewpoints
and information theory, science, and Meta-Dendral [Buchanan et al 1971] are
touched upon Finally, the possibidity of using this approsch to aesthelics to write
programs that automalically analyze presented ar! objects or design new art
objecls is explored

in the Appendix, & method for construcling the inverse of & Turing mechine is
presented This construction was crealed n response 1o & problem that is
described in the asesthelics section

This disserlation ranges over many subjecls -- perceptual figures,



mathematlical curves, Turing machines, painting, aesthetics. Presumably, this

refiects the wide variely of applications of shape grammars.



SECTION | SHAPE GRAMMARS: DEFINITIONS, EXAMPLES, RELATED WORK




1.1 Definitions
A shape grammar, SG, is & 4-tuple : SG = <V, \V_R1> where

(1) V, is & finite se! of shapes.
(2} V, is & finite set of shapes suchthat V, 1V = 4.

{3} R is a finite se! of ordered pairs (uv} such that u is & shape
consisling of an element of V,* combined with an element of V_*

and v is & shape consisting of an element of V,* combined with an
element of V_".

(4) | is & shape consisting of an element of V,* combined with an
element of V_*.

Elements of the set V, are calied terminal shape elements {or lerminals). Elements
of the set V, are called non-terminal shape elements (or markers). The sets V,
and V, must be disjoint. Elements of the set V," are formed by the finite
arrangement of one or more elements of V, in which any elements andjor their
mirror images may be used @ mulliple number of times in any location, orientation,
or scole. The set V;* = V,* U {¢} where ¢ is the empty shape. The sets V_* and
V' are defined similarly. Elements (uyv) of R are called shape rules and are

wrillen u = v. u is called the lefl side of the rule; v the right side of the rule. u
and v wusually are enclosed in identicai doited rectangies lo show the
correspondence between the two shapes. | is called the initial shape and normally
contains & u such that there is a {uv) which is an element of R

A shape is gencraled from 3 shape grammar by beginning wilh the initial shape

and recursively applying the shape rules. The resull of applying a shape rule toc a



given shape is ancther shape consisting of the given shape with the right side of
the rule substituted in the shape for an occurrerce of the left side of the rule.
Rule application o a shape proceeds as follows :
(1} Find part of the shape that is geomelrically similar to the loft
side of a rule in terms of beoth ferminal and non-terminal
elements. There must be & one-lo-one correspondence between
the lerminale and non-lerminals in the left side of the rule and
the terminals and non-terminals in the part of the shape 1o which
the rule is toc be applied
{2) Find the geometric transformations (scale, translation, rotation,
mirror image) which make the lefl side of the rule identical ta the
corresponding part in the shape.
{3) Apply those transformations to the right side of the rule.
{4) Substitule the transformed right side of the ruie for the part
of the shape which corresponds to the leff side of the rule.
The generation process is lerminaled when no rule in the grammar can be applied

For any given shape prammar, the dimensionalily of the shapes in V| and V,
and of the geometric transformalions used te combine these shapes must be
constanl. This number is calied the dimensiona'ily of the shape grammar. While
three-dimensional shape grammars have beer used to generate sculpture [Stiny
and Gips 1872] in this report only two-dimensional shape grammars are
considered.  All elements of V, and V_ will be iwo-dimensional and all
transformations will be planar.

The sentential set of & shape grammar, SS{SG), is the set of shapes (sentential
shapes) which contains the inilial shape and a!l shapes which can be generated from

the inifial shape using the shape rules The language of & shape grammar, LISG), is

the set of sentential shapes 1hat contain only terminals, 1e, LISG} = SS(SGH v,



In this definition of shape grammars, shapes and the transformations on shapes
are used as primlives. This enables shape grammars lo ba visually orienled and
facilitates their use A more traditional symbolic characterization of shape

grammars that uses symbols and funclions as primitives is given in section 1.9,

1.2 Restricted shape grammars

Just as with phrase structure grammars [Hopcroft and Ullman 1963] types of
shape grammars can be defined by putting further restrictions on the aliowable
form of shape rules. Two types of shape grammars, non-erasing shape grammars
and unimarker shape grammars, are especially useful.

A non-erasing shape grammar is a shape grammar in which all terminal nlements
that appear in the lefl side of each rule appear identically in the right side of that
rule. The resull of this restriction is thal once & terminal is added during the
generalion process using & non-erasing shape grammar, it cano! be erased.

A unimarker shape grammar is & non-erasing shape grammar in which the initial
shape contains exaclly one marker, the left side of each rule contains exact iy one
marker, and the right side of each rule contains zero or one markers. The result of
this restriction is that each sentential shape 0! a unimarker shape grammar that is
not in the language of the shape grammar contains exaclly one marker.

This topic is explored in detal in [Stiny, in preparation]



1.3 Parallel shape grammars

Shape generation as described in Seclion 1.1 is based on the serial application
of shape rules, i.e, al each siep of the generation a shape rule is applied to only
one part of a shape. Parallel generalion using shape grammars is aiso possible. In
the parailel generalion of a shape, whenever a shape rule is used, it is applied
simultanecusly to every part of the shape to which it is applicable. A shape
grammar which is intended 1o be used in this manner is called & paraliel shape
grammar. There is no formal difference belween a parallel shape grammar and a
(seriai} shape grammar; it is simply & maller of the intended method of rule
application

Parallel string grammars were firs! defined and investigaled by Rosenfeld
[1971] As wilh string grammars, the same shape grammar can be used both in
serial and in parallel, but the two languages defined may differ. Examples of this
phengmenon are given in Seclions 1.4 and 1.6.1.

Hereafter, a shape grammar that is intended to be used in paraliel will be
dencted PSGn where n is the number of the shape grammar; a shape grammar
intended o be used in serial will te denoled SGn Shape grammars will be

assumed to be used in serial unless noted ctherwise



1.4 Examples: embedded squares

in this seclion, four simple, relaled shape grammars are examined for
pedagopical purposes.

A very simple (unimarker! shape grammar, SGI, is shown in Figure la v,
contains a square as its only elemenl. V_ contains a circle as its only element. All

sentential shapes will be composed of squares and/or circles. All shapes in the
language will be composed of squares only. There are iwo shape rules. The
dotted reclangles around the left and right side o! each shape rule indicate {he
correspondence belween the lwo shapes. The initial shape contains a square and
an attached circle.

The generation of a shape in LISGI) is shown in Figure Ib. Because the two
shape rules in SGI contain identical lef! sides, the two shape rules asre applicable
in idenlical circumstances, i.e, wherever there is & square with attached circle
geomelrically similar {o the shapes on the left side of each rule. Application of rule
1 to a shape resulls in the addition of an embedded square and the shrinking and
moving of the marker. Application of rule 1 forces the continuation of the
generation process as both rules are applicable o the new sentential shape
Application of rule 2 to a shape resulls in the removal of the marker, thereby
halting the generation process as no rules are now spplicable, and yields a shape in
the language. in the generalion shown in Figure Ib, the process is begun with the
iritial shape, rule 1 is applied three limes, and then rule 2 is applied. The fanguage
defined by SG1 is shown in Figure lc
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A somewhat similar shape grammar, SG2, is shown in Figure 25 The generation
of a shape using 8G2 is shown in Figure 2b. Where in the generation process using
SGI sguares are succesively inscribed, using SG2 squares are successively
tircumscribed The language defined by SG2 is shown in Figure 2¢. Note that the
area contained in the shapes in L(SGL) is constant, where the area contained in
successive shapes in LISG2) doubles

The purpose of the marker in these iwo examples may not be apparent. The
use of the marker makes the rules applicable only to the most recently added
square. If the marker were not used, rule 1 could be applied over and over o the
same square. The imporfance of markers is further illustrated by the next two
examples.

The shape grammar $G3, shown in Figure 3a, is similar to SG1 but embeds four
squares inslead of one. A generation using SG3 is shown in Figure 3b. Each
application of rule | causes four terminals (squares) to be added Secause the
right side of the first shape rule of SG3 contains only one marker, only one square
at each level can be expanded The relative location of the marker in the right
side of rule | determines the exac! sequence of subsquares 1o which the marker is
attached in the generation and therefore which sgquare at each level can be
expanded The language generated by 5G3 is shown in Figure 3c

In the shape grammar 5G4, shown in Figure &a, the right side of rule 1 contains
four markers. This rule aliows squares to be embedded subseguently in any of the
four added squares. A generalion of a shape using SG4 is shown in Figure 4b.

Each application of rule | causes four markers (circles) and terminals {squares) lo
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be added to the shape and one marker 1o be erased Generalion using SG4& can
proceed to an arbilrary depth in any part of the shape. L(SG3) is & small subset of
the langusge generated by SG& (see Figure 4c). Similar languages of embedded
squares can be generated using shape grammars with differenl configurations of
markers. Markers are importan! because they restricl rule application to specific
paris of a shape and help delermine the transformations (eg scale) required to
apply the rules

The shape grammar SG4 can aisc be used in parallel. Recall that in & paraliel
generation whenever & shape rule is used il is applied simullancously to every
part of the shape 1o which il is applicable. In & paraliel generalion using 5G4&,
whenever rule | is used every circle attached fo & sguare is expanded
simultaneously. Similarly, whenever rule 2 is used every circle altached to a
square is erased simultaneously. The resull is that in the generslion of & shape
using SG4& in parallel, the first application of rule 1 causes four markers and
terminals to be added, the second application causes sixteen to be added, the third
sixty four, elc. A generstion using 5G4 in paralel is shown in Figure 43 The
language defined by SG4& used in paraliel is shown in Figure 4e. The language
defined by SG4 is essenlially & sequence of successively fine square grids. Each
shape in the ianguage defined using SG4 in parallel has been expanded uniformly
throughout. Note that this ianguage is & small subset of the language defined by

SG4 used in serial
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1.5 Example: reversible figure

A new reversible figure [Gips 1972], similar to the Necker cube, the Schroeder
reversible staircase, etc [Luckiesh 1965] is shown in Figure Sz The figure can
represen! two differen! three-dimensional objects. The central three lines can be
perceived either as ouler (convex) edges of & cube or as inner (concavel edges
where & cube was cul from the closest corner of & larger cube. Either the outer
walls of the object appesr 1o have width and be solid or the cuter walls appear o
have no widlth and be infinitely thin A variation is shown in Figure Sb.

A paraliel shape grammar, PSGS, that generates these figures is shown in
Figure 6a. A generation using this shape grammar is shown in Figure 6b. Al three
rules are applicable to the inilia! shape [f rule 3 is aplied 1o the initis! shape, the
markers ore erased, the generalicn hails, and & shape in the language has been
generated If rule 1 is appiied to the initia! shape, six terminals are added, the
markers are moved, bul from thal point on only rule | is spplicable. If rule 1 is
applied to the initial shape, the generation continues indefinitely snd no shape in
the language can ever be produced as rule 3 can never be applied and the markers
can never be erased If ruie 2 is applied 1o the initial shape (as in Figure &b}, nine
terminals are added, the markers are moved, and & new hexagon is begun Rule |
is then spplied unlil the markers mee! and the process is repeated Note thal the
size of the markers remains constant throughout the generation Each shape in
L{PSGS) is a reversible figure

A similar language of reversible figures could be defined using a shape
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grammar of lhe formal of SG2 In each shape of ihis language, the distances
between hexagons would increase geometrically rather than remaining consian! as
in LIPSGS)

As & short digression, it is interesting to analyze these reversible figures in
terms of a contemporary compuler vision sigorithm  In particular, how does
Huifman's algorithm for inlerpreting two-dimensional figures as three-dimensional
objects [Huffman 1971}, [Duda and Hart 1973] interpret these reversible figures?
Are the figures reversible (ambiguoust for this alporithm? implicit in Huffman's
aigerithm is that all objects have discernible widlh Thus for this algorithm the
figures are nol ambiguous Only one interpretation of Figure 5z is possible and only
one interprelation of Figure 5Sb is possible But the twe interprelations are
different! Except for the outermost lines, all lines that are interpreted as convex
in Figure Sa are interpreted as concave in Figure Sb and vice versa The Huttman
labeliing of Figures Sa and Sb are given in Figure 7a and 7b. Following Huffman, a
“+" denates a line interpreted as & convex edge of the 1hree-dimensiona! cbject, a
“=" denotes a concave edge, and an "=" dencles a convex occluding edge whose
associaled visible surface is to the right as one looks along the arrow. Because for
the algorithm all objects have width, the convexity or concavily of the central lines
of these figures is determined by the number of surrounding hexagens (ie, 1 plus
the number of limes rule 2 was spplied in the gencialion of the shape). i the
nurmber of hexagons is odd, as in Figure Sa, the three central lines sre interprated
as convex by the algorithm If the number of hexagons is even, as in Figure Sb, the

three central lines are interpreled as concave using Hulfman's algorithm
: £



Figure 7a4. Huffman lacelling for reversible figure.

Flgure 7b. Huffman labelling for wariation.
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1.6 Examples: malhematical curves

Shape grammars can be used to define & number of classical mathematical
curves. Previously, these curves were defined either analytically or by displaying
instances of the curves and giving informal English cescriptions. Shape grammars
provide a method for the precise, aigorithmic specification of these curves that at

the same time yields insighls aboul the geomelrica! structure of the curves.

1.6.1 Snowliake curve

The first four slages, S; - S, of the Snowflake curve [Kasner and Newman

1965] are shown in Figure 8 The Snowflake cuive is inleresting because in the
limit, the area enclosed by lhe curve is finile while the length of the curve is
infinite. (ln the limit, the area of the curve is 1.6 times the area of the original

triangie [Kasner and Newman 1965] At each successive stage, the length of the

curve increases by a factor of 4/3 Clearly, (&/3)" does not converge as n
increases)

A paraliel shape grammar, PSGS, for the Snowfiake curve is shown in Figure
9a. Note that the right side of the first shape rule contains four markers ang that
the initia! shape contains three markers The generation of & shape using PSGY is
shown in Figure 9b. Rules | and 2 are spplicable under identical circumsiances.

They are applicable st three different places in the initial shaps, at iwelve
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different places in the nex! shape, elc. Application of rule 1 resulls in the
gencration of the next stage of the Snowflake curve and the continuation of the
generalion process; applicalion of rule 2 halls the generalion process The
language generated by PSG3 contains exacltly the successive slages of the
Snowllake curve

As with SG4&, if the shape grammar PSGY is used in serial, the generation
process can proceed to differen! depihs in different paris of the shape. For a
{serial) shape grammar o define a language contaning only compleled stages of the
Snowtfiake curve, it cannol allow the generalion process to proceed independently
in different parts of the shape The generation process mus! be controlled te
generate the shape uniformly A (serial) shape grammar, SG7, tha! generates just

the infinite series of curves S, §;, . is shown in Figure 10a The generation of
the curve 5. using SG7 is shown in Figure 10b. The strategy implicit in SG7 is to

frace oround the shape (using rules 2 and 3), expanding lines as the trace
proceeds. The asymmetry of the marker forces the generalion to always proceed
counter-clockwise ground the shepe. Whenever & complele irace is made, the
generation can either be halted (by spplying rule 5) or aliowed to proceed (by
applying rule &) for a! least another complele trace. Rule | is only opplicable to

the initiai shape Without rule |, the language would not include 5, There may

well be (serial) shape grammars tha! are simpler than SG7 that generate the

successive stages of the Snowtlake curve
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1.6.2 Peano's curve vanalion

Peano’s curve [Peano 1890] is & curve thal passes through every point of the
unit square. Peanc defined the curve analylically, roughly in lerms of & parameter
t tha! varies from O to | and continuous functions Kt} and git) defined such that for
every (xy) where 0 < xy ¢ | there axists a U with Hi)=x and g{l)=y. Moore
[1900] represented Peano’s curve geometrically as the limi of a series of curves
made up of polygonal arcs. The first curve of the series passes through the center
of the unil square Next, the unil square is subdivided inlo nine equal squares; the
second curve of the series passes through the center of each of these subsquares.
The third curve passes through the centers of each of the Bl subsguares of the
unit square, clc

A new wvariglion on Peang's curve 15 illustraled in Figure 11 The first three
polygonal curves (P, Py, P-) of the series are shown with the unit square. The
centers of the subsquares that the curves pass through are marked with dots
This curve differs from Peanc's curve in terms of the order thal the curves pass
through the centers of the subsquares.

A shape grammar, SGE, that generates exactly this ser'es of curves is shown in
Figure 12 As with the generation of the Snowflake curves using SG7, the
generation, using SG8, of the curve P invoives the succesive generalion of the
curves P, P, P, The generation of curve P .y from curve P, proceeds by
expanding successive sections of the curve P, using rules | and 2 Examination of

ihe curves reveals tha! each seclion of a curve thal passes through & subsquare is
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identical to either the terminals in the lef! side of rule 1 or the terminals in the left
side of rule 2 (or their mirror images). The effect of applying either rule | or rule
2 is to replace the section of & curve that passes through {the center of) & square
with & curve that passes through (the centers of) the nine subsquares. That is,
each application of rule | or rule 2 replaces & seclion of curve P, with the
corresponding section of curve P, ;. The center of the marker in the left sides of
rules 1 and 2 shows the exact iocation of the beginning of the terminals added in
the right sides of the rules. When the last section of a curve is reached i e, when
the marker reaches the the edge of the unit square, the generation is either halted
{by applying rule &) or forced lo continue (by applying rule 3) for 2 complete trace

back along the just generated curve.

1.63 Hilbert's curve

Hilbert’s curve [Mocre 1500] is the best known space-filling curve and has
zppesred in the popular literature of both mathematics [Hahn 1954] and art
(Munari 1965}, frequently labelled erronecusly as Peanc's curve. The segquence of
curves, H,, used in the definition of Hiberl's curve is similar to the sequence P, of
Peano's curve, but is genersted by recursively subdividing the unit square into four
subsquares rather than nire. Curves Hy, H, H, ond He are shown in Figure 13

H, pasces through tive four subsquares of the unit square, H, through the sixteen

subsquares, elc
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A shape grammar, SGS, thal generates just lhe sequence of curves H, is

shown in Figure 148 In the generalicn of curve H, using SGS, curves H, .. H_
are first generaled The grammar conlains iwo markers, 8 curved diamend and a
circle. The diamond is used {o mark the endpeints of the curve during the
generalion process. This is necessary because the locations of the endpoinis of

curve H, are different than the lccalions of the endpoints of curve H,_, and there

are no convenient landmarks. The circle is used to trace around the curves. The
grammar conlains seven shape rules Rule | is used at lhe beginning of the

generstion of each H, o expand the seclion of the curve in the initial subsquare.

Ruies 2 - &4 gre the core of the shape grammar; they are used to successively
expand the section of the curve contained in gll bul the initial and final subsquares.

Rule 7 is used at the end of the generation of each H, to expand the section of

the curve in the final subsquare. Rule 5 is an alternative to rule |; application of
rule S causes the erasure of the circle marker and one of the diamend markers and
resulls in the end of {he generation process. Rule 6 is used to erase the diamond
marker not erased by rule 5 While rule 6 is applicable al each step in the
generation, if it is applied prematurely the generation comes 1o 3 dead end as it
becomes impossible to apply rule § and thereby erase the circle marker. The

generation of H- using this shape grammar is shown in Figure 14b.
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1.7 Simuiation of Turing machinas

The shape grammars prescnled so far have generaled languages of abstract
shapes. il is also possible 1o use shape grammars for symbol processing by
regarding the symbols as shapes In this section & straight-forward method for
constructing a shape grammar for 8n arbitrary Turing machine is presented

There are several ways of specilying Turing machines. The method used here
is basically that of Minsky [1967] A Turing machine is defined in terms of & finite
set of tape symbols, & finite sel of states, a description of the operation of the
finite state control and tape head, and an initial configuration Let the tape symbols
be denoled s, s;, %3, .. 5, where 55 is the blank symbol Let the stales be

dencled by i, Qo - Q.. hall The operation of the finite stale control and tape

head is specified by & list of guntuples of the form (oid state, symbo! scanned, new
state, symbol writlen, direclion of motlion of the tape head). Each quintuple is of
one of three types: (q,, 5., G, 5,, lefl), (g, &, Q, 5, right), or (q,, s, hail, s, -
). The inlial configuralion is specified by an inpul lape, & slarling position on the
tape for the lape head, and an imtial slate, q, The lape is of arbilrary length but
initially it must conlain only a finite number of non-blank symbols,

The method for constructing & shape grammar for simulating & Turing machine
specified in this form is outlined in Figure 1SV, contains the tape symbols, a
square for forming the Turing machine tape, and & hoif-square with & jagged edge

for indicating the edges of lhe lape V_ conlasins the symbols of the non-halting

states of the Turing machine plus @ marxer thal is used to represent the tape head
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As by the detinition of shape grammars, V, 01V, = &, if the same symbol is used to

indicale both & stale and 2 tape symbol in the definition of the Turing machine, &

new symbol nol in V, U V_ must be used for one instance of the symba! in the

shape grammar. There is one shape rule for each guintuple in the specification of
the Turing machine. Each of these shape ruies effectively simuiztes the effect of
the corresponding quintuple. The exact form of the shape rules for sach of the
three types of quintuples is shown in Figure IS There are two additional shape
rules for expanding the tape when necessary by adding a square with 3 "blank™ to
either end (see Figure 15 The initial shape is the non-blank part of the input
tape wilh a biank square and then a tape edpe terminal on either end and the tape
head marker and inilial state marker under the starting square of the tape.

in & generalion using & shape grammar of this type, there is one shape rule
application for each scanning of a tape symbol by the corresponding Turing machine
plus whatever shape rufe applicalions are necessary to expand the tape during the
generalion The shape generated by a shape grammar constructed in this manner is
the output tape of the corresponding Turing machine.

The construction method presented works fer both deterministic and non-
deterministic Turing machines. f the Turing machine is deterministic and eventuslly
haits given the inpul tape, the language defined by the corresponding shape
grammar contains one shape If the Turng machine is non-deterministic, the
fanguage of the corrsponding shape grammar may contain multiple shapes, i.e, one
for each of the possible oulput tupes of the Turing machine.

This example shows the general compuling power of unrestricted shape

grammars.
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1.8 Related work

Since the early 1960's there has been & considerable amount of work on
developing grammars that define langusges of pictures rather than sirings. Much of
this research has been directed toward finding formalisms that are useful for the
automaled analysis of various lypes of pictures. This work is usually included
under the heading "syntactic pattern recognition” or Tinguistic pattern recognition™
Reviews of early work in this field can be found in {Miller and Shaw 1968] and [Fu
and Swain 1971] A short review of more recent papers is included in [Rosenfeld
1873a]

There seem lo be as many varieties of picture grammars as there are papers
on the subject. (indeed, this paper upholds that tradition) It is cifficult to classily

ali the formalisms, but most seem to fali under one of four general categories.

1.8.1 Array grammars

An array grammar defines a language of n-dimensiona! (n usually is 2) arrays of
symbols. The earliest array grammar, a grammar that generales & language of
isosceles righl triangles, was developed by Kirsch [1954] A formal definition of
rray grammars is given in [Milgram and Rosenfeld 1972] Normal forms and a
number of interesting formal properties of array grammars appear in [Rosenteld
1973b}
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An array grammar lhat genersles & language of isosceles right triangies is
shown in Figure 168 This grammar, which is simpler than Kirsch's, is taken from
[Mercer and Rosenfeld 1973] An array grammar is specified by s guintuple where
the first element is the set of non-lerminal symbols, the second element is the sel
of terminal symbols, the third is the blank symbol, the fourth is & set of
productions, and the fifth is the initial symbol. The initial array consizis of a single
instance of the initial symbol surrounded by a field of blank symbeols. Productions
are ruies for substiluting sub-arrays. if during the generalion process the array
contains a sub-array identical to the left side of a rule, the right side of the rule
may be substiluted for thal sub-array. A derivation using this array grammar is
shown in Figure 16b. This array grammar is an example of an isotonic array
grammar [Rosenfeld 1571} which is an array grammar in which the ieft and right
sides of & production refer to identical elements of the array. Parsliel array
grammars are arrgy grammars in which every instance of the lefl side of a rule is
replaced by the right side, rather than just one instance. A parallel array grammar
that defines the same Isnguage as does the {serial} array grammar of Figure 16a is
shown in Figure 16¢c. This grammar is also from [Mercer and Rosenfeld 1573]

There is a substanlial body of literature relaled to array grammars Array
grammars have been used o specify languages of polygons [Dacey 1970], [Dacey
1571] and crystalliographic patterns [Siromoney et al. 1873] Conway's popular
“game of life” [Gardner 1970] can be defined using parallel array grammars as can
related work on recursively defined growth patterns [Schrandl and Ulam 1367]

For piclure processing, parallel array grammars can be used lo define most local
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operators for edge-finding, noise elimination and skelefonizalion There is &
package of Foriran procedures for simulating array grammars [Mercer and
Rosenfeld 1373] Turing machines defined on multidimensional taces {Blum =nd
Hewitl 1967] have been relsted to array grammars [Milgram and Rosenfeld 1972],
as have cellular automata [Smith 1971] and Markov algorithms [Maggiolo-Schettini
1973]

1.8.2 Graph grammars

There are several varielies of gremmars that generale different types of
graphs. Perhaps the bes! known of these formalisms is the web grammar [Pfaltz
and Rasenfeid 1965] A web is a labelled directed graph, ie, 3 directed grapr
where each node is labellcd andfor each edge is labelled [Plaltz 1872] Web
grommars generale languages of webs A very simple {node-labelled web
grammar is shown in Figure 17a This example is taken frem [Pfaltz and Rosenfeld
1963] A web grammar is defined by a vocabulary of non-terminals, & vecabulary
of terminals, an initial web, and a se! of web rewriling rules. A web rewriting rula
is @ triple where the first two elements are webs ard the third element is an
“embedding” wrich specifies how 1o substitute the second element for the first
element when the rule is applied The embedding in the exampie, E - {(pallip,A)},
states that if a node, "p", is connecled to node "A” in the hos! web before rule

application 1o node "A", node "p” is connected 1o the newly added node “a" after
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rule application An example of the generation of 3 web using this web grammar is
given in Figure 170

Web grammars have been related to varicus types of graphs [Montanari 1970]
and maps [Rosenfeid and Strong 1871] Context-sensitive and context-free web
grammars [Pfaitz and Rosenfeld 1963] and parallel web grammars [Plaltz 1572] can
be defined In [Rosenfeld and Milgram 1972} norma! forms for web grammars are
developed and equivalences are established belween classes of web grammars and
classes of automats with graph-siructured lapes In [Plaitz 1972] the utility of
web grammars in piclure processing is discussed in lerms of using webs lo
represent properties and relationships of elements of pictures snd 3 program for
parsing pictures of “neural netwerks™ is described

Paviidis [1972] has defined a formalism for graph grammars that is similar lo
web grammars but thal uses o different method for determining embeddings in rule
application  Schwebei [1872] has impiemented & computer ianguage for graph-
structure ftransformations.  Myiopouios [1972] has investigaled the relation
belween graph grammars and graph sulomata

A plex grammar [Feder 1871] can be considered a variety of graph grammar,
A plex grammar generates a language of plex structures, which are structures of
“n-attaching point entities™ {or "NAPES™). A NAPE is a symbol that has an arbitrary
number of points where it can be atlached to other symbols. Plex grammars are
part of a large body of work in syntactic pattern recognition in which pictures are
described in terms of primlive eiements that are attached to each other at certain

places. This approach has been used by Eden [1568] for handwriting, Narasimhan
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[13968] for English letters, Lecley [Lediey et. al. 1565] for chromosome outlines,
and Shaw [1969, 1970] for spark chamber pictures, among many, and is reviewed
in [Uhr 1971}

Shaw [1972] gives & good general review of graph grammars and their use in
piclure processing

Tree grammars are grammars that generste languages of various types of
trees. Brainerd [1969] has investigated tree grammars and their relation to tree
sutomata The use of tree grammars in pattern recognition is discussed in [Fu and

Bhargava 1872] and [Williams 1873]

1.8.3 Picture description grammars

There is a substantial body of work on using grammars to specify pictures in
terms of descriplions of the piclures These grammars are usually called pattern
grammars or piclure description grammars. Frequently the picture descriptions are
made in terms of primilive elements of the pictures (such as line segments or
circies) and predicates or relalions {such as “inside”™, “above”, or “iarger than™
defined on those elements

A very simple example of a picture descriplion grammar is shown in Figure
18a The grammar specifies a class of primitive line-draw'ngs of faces, such as the
one in Figure 18b. This example is taken frem [Evans 1971] The primitive

picture elements for this grammar are circles, squares, line segments, and dots.
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The predefined predicales are insidelxy) {meaning cbject x is inside object y),
ieftfx,y], abovelx,y] and horizix,y] x and y are dummy variables The firs! rule in
the grammar, “face = {xy): fealuresix), headly): inside{x,y]" can be read as: A
“face” is an object with two constituents (called x and y) where x iz of object lype
“feslures”™ and y is of object lype “head™ and x is inside of y. This grammar is
extremely simple; normally the rules are recursive

Evans [1965] has written a program that accepls a grammar such as the one in
Figure 18Ba as inpul and andyzes an inpul paltern in terms of the grommar by
producing "structural descriplions™ of the paltern Evans [1871] has siso written &
program that infers g grammar which uses a fixed sel of primitives for a given set
of inpul patterns. QOlher formalisms for picture description grammars have bean
developed by Mennings [15871] who alse implemented & program for the top-down
anaiysis of pictures using the grammars, Clowes [1963], and Narasimhan [1570]

The line between picture description grammars and cother types of grammars is
fuzzy becsuse just about sny type of grammar can be writlen as & piclure
descriplion grammar given the proper primilives For example, phrase struclure
grammars can be encoded using only & single predicate, adjixy], which is true if
the subsiring x is immedalely lett-adjecent to the subsiring y; lhe phrase
structure preduction "C = AB" coen be encoded "C = (xy): ADx), Biy: agj[xy]
[Evans 197]1] A coase in point is Shaw's [1970] picture description grammar for
spark chamber pictures, which 13 gn encoding of & lype of graph grammar which

specities how certain primitive clements can be sllached to each other in 3 picture.



1.4 Grammars with coordinates

In grammars with coordinates, terminal and non-terminal symbols have
coordinates associsled wilh them The rewriling rules contain functions which
compute the coordinates of the new symbois from the coordinales of the old anes.
The formalism was first developed by Anderson for 3 program that analyze: twe-
dimensional mathematical expressions [Anderson 19B8] and was subsequently
investigated by Milgram and Rasenteld [1870] The formalism is defined precisely
here because it provides the basis for the symbelic characterization of shape
grammars given in the next cection

The folicwing definition is taken directly from [Milgram and Rosenfeid 1970] A
graphical rewriting grammar {"grammar with coordinates™ is a 6-tuple <T, N, O, n,

P, g* where

T is & finile se! of terminal symbols

N 15 a finite sel of non-terminal symbols, TN N = ¢

D is an infinite domain of "coordinates”

n s a positive integer, the number of coordinales used

P is o finite sel of “productions”, each of which is a 4-tuple <b, ¢,
n, 1>, where

b is & j-tupie of symbols for some j 2 1
¢ is & k=lupie of symbols for some k > |

™ is 3 predicale with k arguments, each of which is an n-
tuple of coordinales

! is & j~tuple of funclions, each having k argumentis; the
arguments and funclion wvalues are n-tuples of
coordinales
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g ¢ Nis a special symbol, called the "goal” or initia! symbai.

"A sel S, of symbols and associated n-tuples of coordinates is said to directly
reduce into another such sel S, if there exists a production <b, ¢, n, 1>, for which
E is a subsel of S, ;; its coordinates salisfy m; the coordinates of the symbols of b
are oblained from those in E by applying the funclions in f; and Siai~EUB =S,
Similarly, S” is said to reduce into §' if there exist " =5, § eem 34 55 = 8
such that S, direclly reduces into §,_;, | i s n Finally, S is said to be a
senience of G if it reduces to {g} (with some associated coordinates). The set of
all sentences whose symbols are all terminals is called the terminal language of G.°
[Milgram and Rosenfeid 1970] -Milgrm and Rosenfeid point out that there is no
gain in generalily in laking n>1, ie, any grammar with n>] is equivalent 1o a
grammar with n=1.

In his program lc recognize lwo-dimensions!l malhematical expressions,
Anderson used six coordinates for each terminal and non-terminal symbol: xmin,
ymin, xcenler, y':;nttr. xmax, ymax, where (xcenler, ycenier} is the typographical
center of the symbol The graphical representslion of one of Anderson's
productions 15 shown in Figure 13a This produclion is used 1o reduce 2
mathematical expression like the one in Figure 19b [Anderson 19681 A similar

formalism and program was developed by Chang [1870,1971]
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1.9 A symbolic characterization of thape grammars

The definition of shape grammars in Section 1.1 is designed 1o provide 3
straight-forward means of specifying & shape in terms of its underlying structure.
The definition is visually oriented rather than symbolically oriented as this approach
seems more natural considering the subject matter -- shapes. (For an interesting,
if rather extrem:st, discussion of visua! thinking vs. symbolic thinking see [Arnheim
19639]). Shape grammars are designed lo be easily used and undersiood by people
without the aid of & computer. it s however possible 1o characterize shape
grammars symbolically; such a characterization is described here.

Irr his formalism, a shape is characterized as & set of symbols with associated
parameters for specilying location, orientation, size, etc. Each symbol with
associaled paramelers in such a sel represenis s different occurrence of & terminal
or marker in the shape Two disjoint sels of symbols are defined initially, one for
the symbols represenling lerminals and one for the symbols representing markers.
A shape rule is characterized as a predicsle and a funclion The predicate
determines whether the shape rule 15 applicable {o part of a shape The function
determines the effect of applying the shape rule if the shape rule is applicable.

The formalism for grammars wilh coordinates described in the las! seclion
provides the basis for the symbolic characterization of & shape grammar as & 6-

tuple <T, M, O, n, P, | > where

T is & finite set of terminal symbols

M is a finite sel of non-terminal {or marker} symbols such that T
nde=¢
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D is an infinite domain of paramelers

n is a positive integer, the number of parameters 1o be
associated wilh each symbol

P is a finite set of productions, each of which is a 4-tuple <b, ¢,
n, 1> where

b is a j~luple of symbols for some j 2 1
¢ is @ k-tuple of symbols for some k > |

n is 8 predicate with k arguments, each which is an n-tuple
of paramelers

1 is a j-tuple of functions, each having k arguments; the
argumenis and funcltion wvalues are n-iuples of
paramelers

! is & sel of pairs, each pair of the form <sp> where s« TU M
and p is an n-tuple of parameters
Using this characterization, & shipe S is & te! of symbols and associated n-tuples of
parameters, i.e, a shape is a set of pairs where each pair is of the form <gp> with
s« T UM and p an n-tuple of paramelers. A production can be applied to 3 shape
S only i S contains k symbels wilh associated parameters such tha! the symbols
are idenlical to the symbels of ¢ in the production and the associated n-tuples of
paramelers satisfy the predicale n of the production A preduclion is applied 1o &
shape by replacing those k symbols and associaled parameters by the j symbols of
b with associated paramelers as calculaled by the | functions of f. A shape is
derived by beginning with | and successively spplying productions. A shape is in
the language if il can be derived from | and contains no non-terminal symbols

Note that in this formalism productions are applied to the initial shape to oblain &
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sentence in the language, whercas in Anderson's formalism productions are applied
{o a senlence in the language to reduce it to the goal symbol Note also that the
word "parameler” is used instead of "coordinate™ as it seems more descriptive.

in the symbolic characlerization of 3 two-dimensiona! shape grammar there

would be one symbol in T for each shape in V, and one symbe! in M for each shape
in V. The number n would be five The five paramelers associsted with each

symboi would include one for the x location of the symbel, one for the y location,
one for the crienlalion, cne for the scale, and ene to indicate mirror image. For
each shape rule there would be one production k would be egqual 1o the number of
terminals and markers in the ieft side of the shape rule. ¢ would contain the symbol
for each of those terminals and markers. The predicale in the production would be
true only if the subsel of the shape under consideration were identical to the feft
side of the shape rule. | would be equal to the number of terminals and markers in
the right side of the shape rule. b would contain the symbel for each of those
terminais and markers. The | funclions of f would calculste the proper paramaters
to associale with the j symbois in b to make the added shape the equivalent of the
right side of the rule. I would contain one symbol with associsled parameters for
each terminal and marker in the intial shape of the shape grammar.

While this formalism may seem fairly complicated and it might be difficult to
understand a shape grammar presented solely in this format, it does facilitate
wriling computer programs that make use of shape grammars In particulsr, this

characterizalion underiies the camputer program described in Section 3.1.2.



SECTION 2 ANALYSIS OF SHAPES USING SHAPE GRAMMARS: A PROGRAM THAT

USES A SHAPE GRAMMAR TO SOLVE A THREE-DIMENSIONAL PERCEPTUAL
TASK
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Shape grammars can be used in the analysis, as well as the generation, of
shapes. Shape grammars provide & measns for the explicit specification of the
structure underlying shapes; it follows thal shapes can be anaiyzed in terms of this
slructure. An important fealure of the use of shape grammars as an analytic too! is
that it aliows for the analysis of complicated shapes that may never have been
seen before, jusl as phrase slruclure grammmars can be used in the analysis of
complicaled and previously unknown strings of symbols (e Algo! programs).

in the pasl, piclure grammars (of the wvaricus typesi have been used
exclusively in the analysis of pictures of an essenlially two-dimensiona! nature {see
Section 1.8i. While shape grammars may well be useful in the analysis of pictures
of this lype, this problem is not investigaled here Instead, the more interesting
question of the use of shape grammars in the analysis of pictures of three-
dimensional objects is investigaled. There has been some discussion on the utility
of picture grammars in the analysis of piclures of three-dimensional objects, but to
my knowledge, there previously have been neither actual computer programs that
analyze pictures of three-cimensional objects in terms of explicit picture grammars
nor concrete suggeslions as to how te do this

in this seclion, a computer program that uses shape grammars to sgive a
perceptual task involving the analysis of pictures of & very restiricled class of
three-dimensional objects is described This example is not meant o be
exhauslive; only one approach to the use of shape grammars in the aulomated

analysis of shapes is explored
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2.1 The task

The perceptual task performed by the program was developed by Roger
Shepard and Jacgueline Metzier of the Department of Psychology here st Stanford
and is reporied in [Shepard and Melzier 1G71] The task can be described as
follows: given & pair of perspective line drawings such as those in Figure 20a -
20c, delerming whelber the drawings poriray objects thal are identical 'o each
othar in terms of three-dimensional shape (ie, the drawings can be considered
different views of the same objecti or whether the drawings portray objects that
are threa-dimenzional mirror-images of each other. The line drawings in Figure
205 and 20b portray different views of the same objects. The line drawings in
Figure 20c portray objects thal are three-dimensional mirror images of each other.

Shepard and Melzier administered this task to human subjects and recorded
the amount of lime required by the subjecis lo decide whether the peorirayed
objects were "the same” or "mirror image™ Two kinds of “same” pairs were used:
the drawings porirayed two views of the same object either rotated in the picture
piane (as in Figure 20a} or rotated in depth {as in Figure 20b}. Their (surprising)
resulls are summarnized as foliows:

The time reguired o recognze thal lwo perspeclive drawings
poriray objects of the same three-dimensiona! shape i1s found to
be (i) & lincarly increasing funclion of the sngular difference in
the porirayed crientations of the two objetls and (i) no shorter
tor differences corresponding simply {o a rigid rotation of one of
the two-dimensiona! drawings in iis own picture plane than for

differences corresponding 1o a rotation of the three-dimensional
cbjects in depth [Shepard and Metzler 1571 ]
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Figure 20a. Line dravings portraying identical objects rorated
in picture plane.
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Figure 20b. Line dravings portraying identical obiects rotated
in depth.



Figure 2Ce. Line dravings portraying mirror image objects.

igure 204, Line drawings portrayving structurally diiferent objects,
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These resuils seem to confirm the very subjeclive notion of soiving the task by
mentaily rotating one of the portrayed three-dimensional cbjects at 3 fixed rate o
determine if it matches the other portrayed object. The resulls sugges! that it is
Jjust as easy o menlally rotale an object in depth as it is in the picture plane and
that these rotations can be done at roughly 60 degrees per second [Shepard and
Metzler 1871]

The task was expanded slightly for the computer program The program is
required to delermine whelher the pairs of drawings portray (1) identical objects
(as in Figure 20a and 20b), (2) mirror images (as in Figure 20c} or (3} structurally
different objecls (as in Figure 20d). If the pairs are reported as identical or mirror
image, the program alse gives the lhree-dimensions! axis equivalences. Shepard
and Melzier always used pictures of objects consisting of strings of exactly ten
cubes; there is no restriction on the number of cubes for the program The
program successiully analyzed the pair of line drawings shown in Figure 21 as well
as those in Figure 20. It should be noled at the outset that there was no intention

of simulating {he processes used by people in solving this fask
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Figure 21. Another pair of lire dravings successfully aralyzed
and ermpared by the program.
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2.2 Program gvervigw

The program that sclves the perceplual task is writlen in SAIL [Vanlehn
1973] and runs on the Stanford Artificial Infelligence Laboralory POP-10. Input to
the program are two files prepared using Geomed [Baumgart 1973} a geomelric
editor Each file is & specification of & perspeclive line drawing of an object.
Namely, each file is a list of the two-dmensionsl coordinates of the endpoints of
each line segment occurring in the line drawing There are four possible outpuls
for the program: (1) & statement that the objects porirayed by the line drawings
are idenlical and an indication of the three-dimensional axis eguivalences of the
cbjects, (2) a statement that the objecls porirayed by the line drawings sre mirror
images and an indication of the three-cimensional axis equivalences of the objects,
{3) a statement thal the cbjecls porirayed by lhe line drawings are complelely
different, or (&) a statemen! indicating the faillure of the program 1o successfully
analyze one of the line drawings

The program has three parls: (1} preprocessing, in which the verlices of the
line drawing are classified, a dala struclure is constructed, and the three-
dimensional axes are determined, {(2) snalysis and medel bulding, in which the
shape rules of the shape grammar are applied 1o lhe line drawing and & model of
the objec! is constructed, and (3) comparison o medels, in which the models
constructed for the two objects are compared The firs! two parts are spplied to
each line drawing independently, the des being 10 construc! @ model of the three-
dimensional siructure of each porirayed object. In the thirg part the two models

are compared lo delermine the relaticnship belween the objects
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The process of analysis and model building in the progrom is the process of
extracting the three-dimensionat siruclure of the porlrayed object frory the tweo-
dimensional line drawing The meodel is consiructed during application of the shape
rules of the shape grammar 1o the line drawing. Each lime & rule of the shape
grammar is applied, something new is added 1o the model. This process can be
likened to the syntaclic snalysis component of some compilers The preprocessing
is similar fo the lexical scan Applying & shape grammyr {o 8 line drawing is similar
tec parsing & symbol siring using a phrase siruciure grammar. The model
constructed for the porirayed object is nol dissimile 1o the lree representation
that might be constructed by a compiler for an arithealic expression Just as the
tree embodes the structure of the expression, the madel embodies the structure
cf the object.

In the next three seclions, & delailed descriplizn of the program is given
The particufar shape grammar used and mode!l consiruc’ed are presented in Section

2.4
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2.3 Preprocessing

The preprocessing stage of the program includes building the dals structure,
classifying the verlices, and determining the three-dimensional axes.

The LEAP associslive dats structures [Feldman and Rovner 1968] of SAIL are
used to represent the line drawing in the program For esch line segment of the
line drawing, two associations of the form

ENCPOINT e L, = V,
and ENDPOINTel, = V,

are added where L is an ilem represenling the line segment and "J} and V, are

items representing the verlices of the line segment. Esch vertex hss s one-
dimensional array of length two as & datum The array contains the x and y
coordinates of the vertex in the line drawing. As the sssocistions are added, the
coordinales of the vertices are compared with the coordinstes of previously added
verlices. Vertices that are loceled within a certain lthresheld distance are
considered idenlical and the dala structure is construcled accordingly.

After the associations for the line segments have been added, each vertex is
ciassified in terms of the number of lines thal meel atl the vertex and the angles
between the lines. Vertex classification roughly follows that of Guzman [1368]
Seven veriex types are sllowed: L, W, T, Y, Psi, X, and 5. The definilion of vertex
types is given in Figure 22 Verlices of type T are further classified as either T1
or T3 using local information If & T verlex is conlained in & porallelogram of

vertices (see Figure 23) it is classified as type T3 and is still considered a vertex
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A vertex where five lines
meal

22+ Definition of vertex tynes.
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Figure 23. Classification of type T vertex into type T35 or type Tl.
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Figure 2.. The two allowable vertex comfigurations for the inftial
double-circled vertex.
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of three lines. It @ T verlex is not contained in a parallelogram of verlices, it is
classified as lype Ti, considered a vertex of cne line {see Figure 23), and the
ENDPOINT associations are changed accordingly. For sach verlex, an association of

the form

VIYPE « V, = vertex_lype

is added, where V, is the item for the verlex and vertex_type is the item for ils

veriex {ype

Cne of the vertices of the line drawing is distinguished by surrcunding it with
an exira circle. Intuilively, this verlex is the tentral verlex of one of the end
cubes of the object. The vertex is either of type Y or type Psi The possible
vertex configurations for this distinguished verlex are shown in Figure 24 If, as
normally occurs, two different verlices of the line drawing qualify, Le. one on each
end cube, one of these verlices is chosen arbilranly.

After the verlices are classified, & three-dimensiona! axis system for the line
drawing is determined using the distinguished verlex If this vertex is of type Y,
the ornentalions of the three line segmenis radating from the verlex are
calculated If the verlex s of lype Psi, the crientalions of the three line segments
that would form & lype Y verlex are calcuialed These lhree orienlalions are
assigned directions +x, +y, and +Z in & counter-clocxwise order. This insures thal
the axis sysiem is & lef! handed sysiem The axs syslem will be used in
specilying the model ¢ astructed for the porirayed object.

The eifect of preprocessing on a line drawing porlraying an object composed

of six cubes is shown in Figure 25
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Figure 25.

The effect of preprocessing on a sinmple line drawing.
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2.8  Analysis and model bulding

The heart of the program is the parl thal appliies the shape grammar to the
line drawing with classified vertices and constructs the model.

The shape rules of the shape grammar thal is used lo analyze the line
drawings are shown in Figure 26. The nonlerminais of the shape grammar are a
circle and the symbols for the different vertex types. The terminal is a straight
line. The shape grammar conlains nine shape ruies. The initial shape is the line
drawing (with classified verlices) lo be analyzed Ralher than beginning with a
simple shape, adding terminals and markers during shape rule aspplication, and
generating the shapes of interes!, this shape grammar begins wilth & shape of
interest and erases termingis and markers during rule application until none remain.
This approach effectively elides the parsing problem for shape grammars. The
approach seems straightforward since the shape grammar will be used only in the
analysis of shapes and never in the generalion of shapes A similar approach was
taken by Anderson in the formalism described in Section 1.8.4

A word should be said hero obout the parsing problem for shape grammars.
The parsing problem can be defined as: given & shape and & shape grammar,
determine whether the shape is in the language defined by the shape grammar and
if i1 is, find & generalion thal yields the shape. The parsing problem is difficull for
shape grommars for lwo reasons. First, for & given shape and & given sel of
terminals in a shape grammar, there may be many ways of dividing up the shape

inte terminals Second, almost all interesting shape grammars {(and all shepe
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grammars prescnted in this gdisserlalion) are nunte'xt-mnsitivﬂ in the sense that
terninais are present in the left sides of shape rules There are na known
efficienl and general parsing aigorithms for contexi-sensilive phrase structure
grammars; there is no reasen o believe the problem is any essier for shape
grommars. It should be noled that for non-erasing shape grammars (see Seclion
1.2), the parsing problem is soivable by enumeratien, in theory.

Returning to the shope grammar for the Shepord-Metlzler figures, nelice that
the lett sides of ihe shape rules contain different verlex configurations that can
portray an end cube These different vertex configurations resull from the various
possible three-dimensiona! siruclures of the objects and the various viewpoinls
from which these objects can be seen The right sides of the shape rules are the
vertex configurations that resull trem the removal of the end cube  As utual, the
“generation”™ process begins with the initig! shape, the line drawing with classified
verlices, and consists of the repeated application of the shape rules During the
process of shape rule appiication, the line drawing is erased one cube &t a lime
The process terminales when no rules are gpplicabie  In the preprocesaing slage,
one of the vertices of cne of the end cubes was marked with an exirg circle The
left side of each of the shape rules contains a double-circled vertex Thus each
shape rule is only applicable to the porlion of the line drawing conlaining the
double-circled veriex Each gpplication of 3 shape rule resulls in the elimination of
the vertex configuration which portrays the end cube with § double-circlied verlex,
the placement of an extra circle sround & vertex of the next cube, and the filling in

of edges and vertices which were cbscured by lhe erased cube
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The shape rules shown in Figure 26 are scluslly shape rule schemzla In the
application of the rules, the exac! angies pelween the lines at esch vertex are
ignored within the bounds of the definilion of the vertex type. All that matlers is
the vertex configurations. Also, strictly speaking the marker indicating vertex type
within each circle should be in g standard orientation relative 1o the lines that meet
at the verlex For convenience, these veriox markers are drawn vertically in the
figures. As wilh all chape grammars, the transformations of rotation, scale,
transiation, and mirror image may be applied 1o the lef! and righ! sides of the rules
during rule appication

The rules of the shape grammar are embcodied in SAIL code in the program
First the code csiablishes which rule is applicable by delermining which vertex
configuration of the lefl side of a rule exisis in the current shape as specified by
the current associalions The rule is applied by changing the asscciations to malch
the right side of the ruie. This may resuil in the addition, as well as the deletion,
of line segment and vertex dems and associslions. This section of code is
repeated unlil no rules are applicable ! at this point no line segment or vertex
items and associations reman, the program has succeeded in analyzing the line
drawing. If no rules are applicable bul some items and assocciations remain, the
program has faled

If thes part of the program consisted solely of an implementation of the shape
grammar, the program could be used only as an eccepltor. Namely, the program
could make & binary choice: ! could delermine whether or not a line drawing does

indeed porlray a Shepard-Melzier object (as cefined by the shape grammar) by
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classifying the vertices and checking if the shape grammar could be applied until no
terminals or markers remained Bul the task invoives exiracling the {hree-
dimensional siructure of the cbjects portrayed by the line drawings. To do this, a
model of the porirayed object is constructed during shape rule application

The model used consists of a one-dimensional array of characters which
specifies the skelelon of the porirayed object. The skeleton can be thought of as
the sequence of line segments connecting the centers of the cubes. The model
consists of the sequence of directions of the skeieton, where the directions are the
axis direclions determined during preprocessing. There are six possible directions:
+x, =X, +y, =y, *+2, =2 The model is consiructed by recording the direction of the
extra crcle. Each time & rule s applied (except for the final application of rule S)
the axis direction closest to the direction of molion of the exira circle is added to
the model The length of the model s one less than the number of cubes in the
porirayed object

An example of this process s shown in Figure 27 for the line drawing of
Figure 25 The modei constructed for the object portrayed by this line drawing is
+¥ -2 -2 -2 -x The models constructed for the cbjects porirayed by the line
drawings shown in Figure 20 and 21 are shown in Figure 28 In the construction of
the models in this figure, the convention that the uppermos! of lwo eligible
vertices 15 dislinguished as the initial double-circled wvertex is used in

preprocessing.
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25 Comparison of models

After the preprocessing and model building routines are applied to esch line
drawing independently, the medels that were consiructed for the portrayed cbjects
are compared The model comparison has two stages

The first stage determines whether the two models represent simslar (e
identica! or mirror image) objects or completely different objecis. Recall that each
mode! is & one-dimensionai array of axis direclions where the possible directions
are +x, =X, +y, -y, +Z, and -z. First, the lengths of the wo models are compared
if the iengihs are unequal, the objects are declared o be different and the model
comparison routine is lerminated If the lengths are egual, the program attempls to
find axis equivalences for the +x, +y, and +z direclions of the first model.

An axis direction d, of the first model is considered equvalent 1o an axis

direclion d, of the second model (wrillen d; = d} it

{1} the posilions in which d, oceurs in the first model are
identical to the positions in which dy occurs in the second model
and

(2) the positions in which -d; occurs in the first model are
identical to the positions in which -d, occurs in the second model.

For example, in the modeis shown in Figure 28 derived for the line drawings
of Figure 20b, the axis equivaiences for the +x, sy, and +2 directions of the first
model ore +x = #y, +y = -2, and +z = -x Note thal by the definition of axis
equivalence, if d; = d; then -d, s -d,.

H an equivalence can be found for each of the axis direclions then the
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porirayed objects must be similar (identical or mirror image) and the second stage
of the model comparison routine is entered If an equivalence for each of the
directions canne! be found, no fina! conclusions can be drawn The objects siill
could be similar if the initial doubie-circled verlices were localed in preprocessing
at differen! ends of the objecls This occurred, for example, with the conslruction
of the models in Figure 28 for the line drawings in Figure 208 To determine if the
porirayed objects are similar or different, the second medel is reversed and axis
equivalences for the +x, +y, and +Z direclions of the first model again are searched
for. To reverse the second model, each entry in the mode! is first negated and the
sequence of directions is reversed For example, the reverse of the model +z +2
+y +y =x -x =% +2 +2 for the right line drawing of Figure 20a {see Figure 28} is -2
-2 X X #X -y =y -2 -z This new model is the mode! that would have been
consiructed if the initisl double-circled verlex had been located at the other
(iower} end of the chject and the model had been construcled in reverse order. If,
again, an &xis equivalence cannol be found for each of the directions of the first
model, the objects are declared differenl and the model comparison rouline is
terminated | eguivalences are found, the objects must be either identical or
mirror image and the second stage is enlered

The second stage of the model comparison delermines whether models with
axis equivalences poriray identical or mirror image objects. In the program +]
represents the +x direction, =1 represents -x, +2 represents +y, -2 represents -y,
+3 represents +2, and -3 represents -z Integer array EQUIV[1:3] is defined. The

value of EQUIVI1] is the axis eguivalence of the +x direction of the first model,
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elc. By the definition of axis equivelence, the array EQUIV can have 634:2 = 48
different permutations of assigned values. For the models of Figure 20b, EQUIV[ L]
= +2, EQUIV[2] = -3, and EQUIV[3] = -1. Half of the 48 permutations represent
axis equivalences that would occur if the second line drawing portrayed simply a
three-dimensional rotation of the object porirayed by the first line drawing The
other haif of tha 48 permutalions occur if the object portrayed by the second line
drawing is a mirror image of the cbject portrayed by the first. The foliowing SAIL
subroutine determines whether the line drawings poriray objects which are
identical or mirrer image:
INTEGER PROCEDURE SAME_OR_MI (INTEGER ARRAY EQUIVY
BEGIN
INTEGER i, MINUSAXES, DIFF AXES;
MINUSAXES ~ DIFFAXES - O,
FORI= 1,2, 300
BEGIN
iF ABSIEQUIV{IDI # ! THEN DIFFAXES — DIFFAXES+!;
IF EQUAV[I] < O THEN MINUSAXES ~ MINUSAXES+|;
END;
IF (MINUSAXES = 1) v (MINUSAXES = 3}
THEN RETURN (IF DIFFAXES = 2 THEN SAME ELSE M)

ELSE RETURN (IF DIFFAXES = 2 THEN MI ELSE SAMEY,
END;

The subroutine delermires whether the axis eguivalences can be elfecled
with just a three-dimensicnal rolalion of the first object or whelher an axis
inversion (mirror image) is required Recall that the method for delermining the
axis directions in preprocessing insures that both axis systems are left handed

The subroutine delermines whether after transforming the first model into the



92

second mode! the resulling axis system would be left handed or right handed. if
the axis system would still be left handed, the line drawings poriray identical
objects from possibly different viewpoints. If the axis system would become right

handed, the line drawings poriray objects that are mirror images of each other,

26 Program resulls

The range of line drawings that the program can analyze is defined effectively
by the shape rules of Figure 26. The program has successiully compared over a
hundred pairs of line drawings of objects

It may be of interesi to compare the performance of the program with the
performance of pecple on (he same lask

The program canno! analyze many lime drawings thal are analyzable by
people. In particular, there are three types of views of an object for which the
program faids: {1) a view of the cbject in which & substantative part of the object
is obscured (as in Figure 29al, (2} a view of the object in which two different lines
mee! and appear to be one or fwo different verlices appear fo coincide (as in
Figure 290}, and {3} a degenerate view of the object in which only one face of a
particular cube is observable {as in Figure 29¢). Sceme of these problems could be
fixed by nct loc complicaled program palches. In parlicular, mos! degenerale
views (of iype 3} probably could be analyzed successfully with the addition of

some rules 1o the shape grammar.
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Figure 20a.

A view In vhich a
substantive part
is ohscured.

Figure 29b.

A view in vhich two

different vertices )‘ f‘
appear to coincide.

Figure 29¢.
i degenerate view,

Figure 29, Toree line drawings vhich the prograsa cannot analyze.
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The program succeeds in analyzing some line drawings which are very difficult
for people, namely line drawings of objects containing many cubes, such a3 the line
drawings in Figure 21. There is essenlially no limil te the number of cubes in &
line drawing that can be analyzed by the program As Shepard and Melzler only
used line drawings of objecls containing ten cubes, ne informalion was collected as
to the limit of the number of cubes in line drawings anmalyzable by people.
Personally, the solution of the task for the pair of line drawings in Figure 21 seems
very much more difficuil than thé solution for the pairs in Figure 20. Mentally
solving the task for line drawings porlraying lwice as many cubes as those
portrayed in Figure 2! scems sul of the guestion for me using the normal, non-
analytic, mental rotation technigue.

Shepard and Melzier were interested in the amounl of time needed to solve
the iask As noted in section 21, the amount of time reguired by people varies
linearly with the angular differance of the portrayed orientations of the lwo
objecls. The amount of time taken by the program is independent of lhe angular
difference of the porirayed orientalions and is relatively constant for line drawings
of objects of a fixed number of cubes Indeed, where pecpie would immediately
recognize thal lwo idenlical line drawings portray idenlical objects, the program
wouid take aboul the same amount of ‘ime to soive this particular task as any
other.

The inpu! format for the program is different than thal used for people.
People are shown the line drawings. The program is given g digitized encoding of

the line drawing made in terms of the coordinates ¢! the endpoints of the line
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segments. A front end progrom could have been written that made use of &
television camera and 2 line finder algorithm It is interesting io note that the
program would take substantially longer to soive the task if shown the aclual line
drawing rather than given the encoded version while 3 person would certainly {ake
longer 1o scive the task given the encoding rather than shown the line drawing
itself. Shown the line drawing, the program would first encode it in terms of the
coordinates of the vertices. Given the encoding, & person would first draw the
picture.

All of this discussion must be tempered by the obvious fact that the program
can soive only this one perceplual task whie & person is 8 very general percepiuai

system

2.7 Limitations and possibie cxtensions

The task domain of the program was carefully chosen The lask has some
important restrictions thal greatly facilitate ils solution For example: The program
is given encodings of perfect line drawings. Each line drawing porirays exaclly one
object. The range of objects the line drawings can portray is limited to objecte
composed of linear strings of cubes. The task can be solved using only structural
information extractable from the iine drawings.

A first extension to the progrom might be lo add shape rules thal would allow

a cube 1o be attached to more than Lwo other cubes. The objects to be analyzed
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would no longer be restricted te strings of cubes bul could be srbitrary assemblies
of attached cubes A one-dimensional array of directions would no longer suffice
as a model of the objects. The new model consiructed using this shape grammar
might be a connected graph where lhe nodes would represent the centers of the
cubes and the arcs of the graph would indicate adjecency or attachment of the
cubes and be labelled as o ihe oxis direclion belween the cubes. This model
would still be a representalion of the skeleton of the object. The madel used in
the program could be considered a speciai case of this connected graph model.
More generally, the cbjects could be composed of nol just cubes bul & variely of
primitive cbjects, e g wedges, prisms, octahedrons. The models constructed would
be connected graphs as above bul with each node labelled to indicate the type of
cbject represented Using this scheme, the protess of determining whether two
pictures portray different views of iderlical objects would consist of analyzing the
pictures using the shape grammars, constructing the graph medels, and delermining
whelher the two graphs represent skelelons of identical objects. To help insure
that shape rules are nol applicable in unintended situations, 3 labelling technique
such as the one described by Waltz [1572] might be used to lebe! the portrayed
edpes of the objec! as concave, convex, ete. The lines belween verlices in the
shape rules weuld be labelled accordingly. Perhaps, lines between verlices could
be allowed 1o be curves 35 weill as straighl lines How large a class of cbjects can
be analyzed using this lype of technique is an open guestien

The ma;or advantage of this technigue is that line drawings portraying a large

number aof objects can be snalyzed, including line drawings portraying objects which
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may never have been previously seen, using & fixed sel of rules Instead of
requiring an object to be anslyred to be a member of a small, fixed class of
objects, it is only required that the cbjec! be decomposable inlo instances of &

fixed setl of primitive objects attached in certain ways.
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Shape grammars were developed criginglly as the basis for a formalism
{"generalive specifications™ for generaling non-representalional, geemetric
paintings [Stiny and Gips 1972] During the pas! four years, dozens of paintings
have been specified using generalive specificalions and consirucled using
traditional artistic lechnigues The process of using a generalive specificalion fo
generate a painting has been implemented on the compuler. Hundreds of paintings
have been defined and displayed using this program

This application of shape grammars is of interest (lo me, at least) for two
reasons:

{1} 1like the painlings. | enjoy creating the paintings, iooking al
them hanging on my walls, and locking at them on the
computer dispisy. The paintings are of interest in
themseives

{2) The paintings provide & geod initial problem domain for
studying aesthetics and design

The use of shape grammars in generating pantings has led 10 & study of
aesthetics [Gips and Stiny 1973, submitted for publication] An attempl has been
made 1o deline a formalism (“aesihelic systems™) thal can be used in specifying
aesthetic viewpoints. A particular sesthetic system has been developed for
paintings delinable using generstive specifications end has been implemented on the
computer. The computer can evaluale paintings it displays in terms of this
aesthetic viewpoint. Plans for an automatic design program are discussed This
work is intended as & step oa the long path toward Arlificial Intelligence programs

of the type Firschein, el a! [1973] call & "Creation and Evalualion System”, namely
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programs “capable of creative work in such areas as music, art (painting, scuplure,
architecture), Weralure (essays, novels, poelry), and mathemalics and able to
evaluale the work of humans™ (and presumably other programs).

This section is divided into two parts. In Section 3.1, a formalism which uses
shape grammars 1o generate painlings is defined, its computer implementation is
described, and several examples are given In Section 3.2, resulls of an
investigation of aesthelics are presenled and some of ils ramifications are

discussed

3.1 Specification of painting using shape grammars

3.1.1 Generative specifications

A generative specification is & complele specification of a class of non-
representational, geomelric painlings. The primary component of & generalive
specification is a shape grammar. The paintings defined by generative
specifications can be considered material representalions of shopes generaled by
two-dimensional shape grammars

A generative specification has four parts: (1} a shape gramar which defines a
language of two-dimensional shapes, (2} 8 selection rule which selecls shapes in
that language for painting, (3} & list of painling rules which determine how the

areas contained in the shapes are lo be painled, and (4) & limiling shape which
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determines the size and shape of the canvas and where the thapes are o be
painted on the canvas.

in Sections 3.1.1.1 - 3.1.1.4 the four parts of & generalive specificalion are
defined and explained The painting Triad, shown in Figure 30s, and its generative

specification, shown in Figure 31a, are used as an example

3.1.1.1 Shape grammar

Shape grammars used in generalive specificalions are generally non-erasing
{see Section 1.2} and may be either serial or parallel. Recall that a serigl shape
grammar is denoted SGn and & parallel shape grammar PSGn (see Section 1.3).
Serial shape grammars used in generative specificalions are usually unimarker.

The shape grammar in the generative specification of Figure 3la has one
terminal, & 60 degree arc of & circle, and one marker, two equal line segments
joined at a 60 degree angle. There are four shape rules. The inilial shape
consisls of six terminals which form a circle and one marker. A generalion of a
shape in the language is shown in Figure 31b. The shape grammar is somewhat
similar 1o the (seriall shape grammar for the Srowfigke curve shown in Figure 10
and discussed in Seclion 16.1 During the generation, rules 1 and 2 caute the
marker to irace clockwise around the most recently added closed curve of
terminals. Rule 1 is applicable when the marker is on the convex side of the next

terminal arc. Application of rule 1 causes four terminsls (ie, a 240 degree art) to



Figurs 30a. Triad.
Colors are blue, rod,

yellow, and white
{darkest to lightest).

Figure 30b. Eve.
Colors are blue and white.

Figure *0c. Yellow Cross.
Colors are hlue, red,
yellow, and wvhite
{darkest to lightest).

Tipure %3, Three paintings defined using generative apeci ftcations.
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be added and the marker {o be moved ahead Rule 2 is applicable when the
marker is on the concave side of the next terminal arc. Application of rule 2
causes two terminals (ie, a 120 degree arch {o be added and the marker 1o be
moved shead Rules 3 and 4 are spplicable lo the inllial shape and aller the
generation of each levei of closed curve of terminals. Application of rule 3 causes
{he marker 1o be reduced in size and turned, thus forcing the generslion to be
continued for ancther level Application of rule & erases lhe marker, thereby

terminating the generation and adding & shape 1o the language.

3.1.1.2 Selection rule

Painting requires a smali class ot shapes thal are not beyond ils techniques
for representation Becsuse a shape grammar can define & language containing a
petentially infinite number of shapes ranging from the simple to the very linfinitely)
complex, a mechanism (seieclion rule) is required to select shapes n the language
for painting. The concept of level provides the basis of this mechanism and also
for the painting rules discussed in the next section

The level of a lerminal in a shape is analogous to the deplh of a constituent
in a sentence defined by a context free phrase structure grammar. Level
assignments are made {o terminals during the generation of & shape using these

rules:

(1) The terminals in the initial shape are assigned level O.
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{2) 1f 3 shape rule is applied and the highest level assigned to
any lerminal used in the lef! side of the rule is N, then each
terminal added by the application of the shape rule is
assigned level N+,

{31 No other ieve! assignments are made.

The assignment of levels 1o the terminals in the example is shown in Figure
3ic. Notice that a new level is effeclively begun each time rule 3 is applied

A seleclion rule is an integer which specifies the minimum level required and
the maximum leve! alicwed in a shape in the language for it to be & member of the
class fo be painted The selecticn rule determines the depth of generation of the
shape grammar reguired {o produce a shape 1o be painted Theoretically, several
shapes in the language defined by a shape grammar could have the same maximum
level. A generative specificalion defires a class of paintings. However, in every
generative specificalion discussed here (and ever invesligated) ihe language
defined by the shape grammar conlains only one distinct shape with any given
maximum level, Thus, the selection rule normally specifies one shape to be painted
from the language and each generalive specificalion normally specifies exactly one
painting.

The selection rule in the example, 2, specifies exaclly the shape generated in

Figure 31b.
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3.1.1.3 Painting rutes

Painting rules indicate how the sreas conlained in a shape sre to be painted.
in applying the painting rules, the generated shape is trealed as if it were a Venn
diagram as in naive set theory. The lerminals of each ievel in a shape are laken as
the oulline of a set in the Venn diagram Levels 0, 1, 2, .. n are said o define sats

Loe Lye Loy o L, respeclively, where n is the selection rule. A painting rule has twe

sides separaled by a double arrew ( => ). The left side of & painting rule defines &
sel using the sels delermined by level assignment and the usual set operators, &g
union, interseclion, and compiemenialion The sels defined by the lcfl sides of the
painting rufe must parlilion the Venn disgram. The right side of a painting rule is a
rectangle painted in the manner the sel defined by the left side of the rule is 1o be
painted The rectangie gives implicitly medium, color, texture, edge definition, elc.
For convenience, the rectangle contains the name of the color the area is to be
painted inslead of a sample of the painted canvas. It is assumed that acrylic paint
is used and the areas gre painted fial ond have a hard edge Because the left
sides of the painting rules form a partition, every area of the shape is painted in
exactly one way. The sel notalion ensbles the specification of how areas are fo
be painted lo be independent of the actual shapes of the areas Notice that any
level in & shape may be ignored by excluding the corrsponding set from the left
sides of the rufes.

The painting rules in Figure 3la in the generstive specification for Trind are

an example of a painting rule schema thal has been frequently uses For a
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selection rule of n, there are in general nel basic

"sels” delined by level

assignment and, foliowing this schema, n+2 different panting rules of the form:

La >
Lﬂ-i 11 *{Ln] "
bpz 0~ UL >
Ly 0 o~ilau wen UL, UL ) -
Lg M ~il Ul u o, Uk UL >

~ilghb Ul U .ee WL, UL =>

color,

tolory

color,,

color,,, .

&

color,,»

Using these painting rules, the color an ares is panled depends only on the highest

jevel of a terminal boundary surrounding it. The ares encicsed by set L, is painted

color,. The ares enciosed by set L,.; but not by set L, is painted colers, elc

The perceptual effect of painting rules following this

schema is tc make the

painting appear as it opaque versions of the areas bounded by the successive

levels were placed on top of each other.

A second painting rule schemsa has been used This schema is more difficult

1o shaw for & selection rule of n and so will be shown for & selection rule of 2:

LonL ik

iLGnLlnn-Lzl i iLuﬂ-Llné_zl U E-Lﬂﬁ'f._;ani

=> coler,

- Eﬂiﬂr:

~{Lgub ol ;)

=»  golory
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The effect of these panting rules is to count set overlaps. The ares

enclosed by all three sels is panied celor,. The grea enclosed by exactly two of
the sets is painled color,, by exactly one of the sels calors, and by ncne of the
sels color, The perceptuai effect of painting rules following this schema can be te

make the painting appear as if identically tinted, transparent versions of the areas

bounded by the successive levels were placed on top of each other

3.1 1.4 Limiting shape

The limiting shape defines the size and shape of the canvas on which 3 shape
is painted Traditionally the limiting shape is & singie rectangle, but this need not
be the case. For exampie, the limting shape can be the same as the outline of the
thope painted or it can be divided into several parts. The limiting shape is
designated by broken lines, and ils size is indicated explicitly The initigl shape of
the shape grommar in the same scale is located with respect to the limiting shape.
The limiling shape in the cxample is 3 32 in x 32 in square which containg all of
the generated shape  As seen in the example in the next section, the initial shape
need nol be localed within the limiing shape. Informally, the limting shape acts as
& camera viewfinder or a cookie cutler The limting shape determines what part

of the painted shape is represented on a canvas and in what scale.
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3.1.1.5 Example: Eve

The generslive specification cf the painting Eve (shown in Figure 30b} is
given in Figure 32 The shape grammar in this generative specificalion contains
two lerminals and & marker. The first termina! can be decomposed into ten 60
degree circle arcs, six of radius R and four of radius R/3. The second terminal can
be decomposed inlo seven 80 degree arcs, all of the same radius. Beth of the
shape rules have the same left side. The inilia! shape consists of one lerminal and
one marker. The shape grammar is similar to the shace grammar for inscribed
squares in Figure 1. The shape in the ianguage specified by the seleclion rule in
the generative specificalion is generated by applying rufe 1 four times and rule 2
once. Both ruies are applicable under identical circumstances The effect of
applying the first rule is 1o add an instance of the first terminag! and to move the
marker and shrink it by a factor of three, thereby forcing the continustion of the
generation process. The effect of applying the second rule is to add an inslance of
the second terminal and 1o erase the marker, (hereby halling the generalion
process and producing & shape in the language The ferminal added by each
successive application of & rule is assigned & new level The elfect of the painling
rules is to paint the sreas enclosed by alternate levels of terminals the same color.
These painting rules can be considered & special case of each of the two schemats
described previously. The painting rules take sdvaniage of the fact that cach area
enclosed by the terminal of a given level is completely contaned in the area
enclosed by the terminal of each lower levei The limiting shape in the generalive

specification is a rectangie thal does not completely contain the intial shape.
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3.1.1.6 Example: Yellow cross

The generative specification of the painting Yellow Cross (see Figure 30c) is
given in Figure 33s The shape grammar in this specification is & paraliel shape
grammar. There is one terminal, 3 rectangle, and one marker, & circle. The shape
grammar has two shape rules. Note that the right side of the first shape rule
contains two overlapped terminals (rectangles) and two markers pius the terminai
of the left side of the shape rule. The initial shape contains four markers and four
overiapped lerminals that form a diamond wilth & square hole. Recall that in the
generation using & parallel shape grammar, when a shape rule is applied, it is
applied everywhere it is applicable. Both rule 1 and rule 2 are applicable under
identical circumstances. Application of rule | adds a new level of terminals ana
forces the continuation of the generation; application of rule 2 erases the markers
and haits the generation In the example, rule 1 is applied 3 times befcre the
genoration is halted with an application of rule 2. The terminals scded with each
paraliel rule application are assigned 2 new level The outline of the terminals
added by each rule application and assigned each level is shown in Figure 33b. The
initial shape {level O} is composed of four terminals (rectangles). Eight terminals
are added in the first parallel pplication of rule 1 (level 1), sixteen in the second
application (level 2), and thirty twe in the third application (ievel 3). The painting

rules foliow the first schema given in Section 3.1.1.3 except the set L; is ignored
Because the set Ly is not mentioned in the painling rules, the lerminai shapes

assigned fevel O (ie. the nitia! shape) do not sppear in the final painting. The

limiting shape is a square that wholly contains the generated shape.
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3.1.2 Compuler impiementation

A compuler program that implements generalive specificalions has been
written in SAIL [VanLehn 1873] and runs on the POP-10 at the Stanford Artificial
Iinteiligence Laboratory.

The program allows generalive specificalions for reclilinear paintings o be
defined interactively using @ keyboard and Data Diec or il display. Once the shape
grammar and selection rule of 3 generalive specificalion are defined, the program
gencrates and displays the line drawing of the specified shape. From the line
drawing, an image of the painting ilsel! can be displayed via a video synthesizer in
shades of grey (or greent on the Data Disc displays or in full color on the color
television connecled o the PCP-10  Hard copy of the line drawing or 2 low
contast shades of gray version of the painling ¢an be oblained using the Xerox
Graphics Printer (XGP).

The general structure of the program is diagrammed in Figure 34. The
program has two monitor stales, which are indicaled in the diagram by reclangles
with curved corners. The shape grammar is consiructed in the first montor slate.
When the program is in this siale, the user is prompled by an "+" Operalions to
be performed by the program are indicated by lyping a single character and then
typing any additional information requested by the program Details of the
commands available fo consiruct ihe shape grammar are given in Seclion 3.2.2.1.
After a shape grammar has been defined, "G™ is typed and in response to the

request by the program, the level of generation desired {i.e, the selection rule) is
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iyped. The specified shape is generaled (Section 3.1.22) and the program enters
the secondg monitor stale. When the program is in this siale (Section 3.2.2.3), the
user is prompled by a ™" From this monilor stale, ditferen! levels of the
generated state can be displayed, an output file for the XGP can be prepared, and
a bit file image of lhe painling can be prepared for color display (Sections 3.1.24
and 3.1.25). Additionally, by typing "A", the painting can be evaluated using the
agesthetic system developed in Seclion 325 The sesthelics program itsel! is
described in Section 3.26.

3.1.2.1 Interactive definition of shape grammar

A shape grammar can be defined using the program only if it meels these

requirements:

(13 There is only one lerming which is a closed shape composed
of straight lines.

{2} There is one marker.

{3} There are 'wo shape rules. The left side of each shape rule
centaing one ferminal and marker. The right side of the first
shape rule contains the terming! in the left side plus some
rumber of addilional terminals and markers. The right side
of the second shape rule contains just the terminal in the
ieft side of the rule and no markers.

{4) The inilial shape contains an equal number of lerminals ar.
markers.

{5) The shape grammar is & paraliel shape grammar.
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While this is 2 fairly severe resltriclion on allowable shape grammars, the class of
shape grammars that fulfill these requirements seems sufficiently large ard rich in
shape grammars of interes! for generative specifications. After a year of running
the program and after the definition and generation of hundreds of paintings, this
ciass of shape grommars is far from exhausied The shape grammar in the
gencrative specification shown in Figure 333 of the painting Yellow Cross is &
member of this class and is used as an axample in this section

The shape grammar in the generative specification is defined by interactively
constructing three shapes - the terminal shape, the rule shape, and the initial
shape. Shown in Figure 35 are (i) parls of the shape grammar of the exampls, (2}
the corresponding terminal shape, rule shape, and inifial shape, and (3} the intarnal
representation of these shapes.

The commands avaiable for constructing these shapes are shown in the lable
in Figure 36. Whenever the program is in this monitor state, the current version of
one of the three shape is displayed The shape that is displayed is the shape that
the commands atfect. The user can swilch 1o working on the terminal shape, the
rule shape, or the initial shape by typing "a% "5%, or "A" respectively.

The terminal shape is the terminal of the shape grammasr (ie, the shape in V|}
and is composed of siraigh! lines Al the oulsel, the lerminal shape consists of a
single horizontal line wilh endpoints al coerdinales (+200,0) and (-200,0). For all
display purposes, the screen is considered a 1024 x 1024 rectangular coordinate
system with the origin in the center. Commands are available {o add and delete

lines. The lines are numbercd One of these lines is the current line angd it is this
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line that is altered by the commands 1o enlarge, shrink, move, rolate, anc fasten
(see table in Figure 36). Any line can be specified as the current line by using the
=" command During the construction of the terminal shape, the termina! shape is
represented as a8 4 x t two-dimensional integer &rray where 1 is the maximum
number of lines allowed in the terminal shape. Each line is represented by four
numbers - the x and y coordinates of the endpoinis. For the generaticn of a shape
(see next seclion), this represenlation is changed lo take advantage of the
recguirement ihat the lerminal shape u%timateir must be clesed During shape
gencration, the terminal shape is represented by the segquence of coordinates of
verlices encountered in a counter-clockwise trace around the shape, beginning with
the first vertex of the first line

The rule shape represents the terminals added in the right side of the first
shape rule in the shape grammar and is composed of instances o! the lerminal
shape. The termingl on the feft side of the first shape rule is always a singie
instance of the terminal shape. The rule shape is displayed superimposed on the
terminal shape This forms the terminals on the right side of the first shape rule.
Al the outset, the rule shape consists of a single instance of the terminal shape
Commands are available for adding and deleting instances of the terminal shape.
The instances of the lerminal shape are numbered One of these instances is the
current shape and it is this instance that s altered by the commandgs to enlarge,
shrink, mave, rolate, invert, and fasten (see table in Figure 36). Any instance can
be specificd as the current shape using the choose command.

The initial shape represents, as the name implies, the initial shape of the
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shape grammar and is alss composed of inslances of the termina! shape. The
commands for mampulating the terminais in the initial shape sre just aboul identical
le the commands for manipuiating the terminals in the rule shape

For both the rule shape and the initial shape, each instance of the terminal
shape it represonled internally by five paramelers: the x displacement, the ¥
displacement, the scale s, the counter-clockwise rolalion in degrees 6, and mirror
image m These paramelers delermine the coordinstes of the particuar instance of
the terminal shape. If (OLDX, OLDY) are the coordinates of & vertex in the terminal
shape and XDIS, YDIS, SCALE, THETA, and INVERT are the parameters of an instance
of the lerminal shape in the rule shape, the new coordinales {NEWX, NEWY) of the

vertex in the rule shape are compuled by :

IF INVERT # O THEN OLDX -~ -QLDX;

IF THETA # O

THEN BEGIN
TEMP - OLDX + COSITHETA) - OLDY s SIN(THETA);
OLOY = OLDX + SIN{THETA) « OLDY = COS(THETA)
OLDX =~ TEMP
END;

NEWYX « SCALE » QLDX + XDIS;

NEWY « SCALE + QLDY + YDIS;

This defines the transformations that are used but is not the precise algorithm, e.g.,
cos and sin are precomputed ond stored in & table and the original values of OLDX

and OLDY are no! destroyed Notice that the order the transiormations are applied
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makes 3 difference in the eflect of specific paramaters For & good discussion of
fwo-dimensiona! {and three-dimensional) transformations see [Newman and Sproull
1873}

The five paremeters that represent each instance of the terminal shape in
either the rule shape or initial shape can be considered lo define a new coordinate
system The transformalions just presented give the mapping from the original
screen coordinate system 1o this new coordinale system If the numbers of the
shapes are displayed {see the "M" command in Figure 36}, the number of each
shape is dispisyed a! the crigin of the new coordinale system defined by the
shape, ie. at (XDIS, YDIS) in the screen coordinale system il the operation of
rotation (“turn™} or inversion iz specified for & shape, the operalion is performed
relative to the coordinate system defined by the shape, eg the shape is rolaled
about ils own origin rather than the origin of the screen coordinste system (On the
other hand, the operations of lranslation {x end y displacement} are performed
relative to the screen coordinate sysliem These convenlicns may sppear to be
arbitrary, bul in practice they seem mos! nalural

Once & shape grammar (e {erminal shape, rule shape, and initial shape) has
been conslrucled, it can be saved on the disk using lhe wrile command and
subsequently reinstated using the read command (see Figure 36} To generate &
shape using & constructed shape grammar, "G" is {yped and then the desired lovel

ol generation (seiection rulel is specified
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3.1.22 Shape generalion

A shape grammar of the restricted type aliowable for the program always has
two shape rules. Application of the firs! shape rule during a gencration always
resulls in the addition of & new level of terminals, the addition of new markers, and
the continualion of the generalion process  Application of the second shape rule
always results in the addition of no new lerminais, the ergsure of a!l markers, the
termingtion of the generalion process, and & shape in the language. If the selection
ruie of & generalive specification is n, the shape {o be painted is the shape in the
language generaled by the shape grommar which contains terminals assipned &
maximum level of n Using & shape grammar of this restricted type, a shape
containing terminals assigned a maximum level of n always can be gencrated by
recursively applying the first shape rule to {he initial shape n times and then
applying the second shape rule

For the progrom, the shape grammar is delineg completely by the three
shapes - terminal shape, ruie shape, and initial shape - described in Lhe previous
section The terminal in the left side ot the firsl shape rule consisls of a single
instance of the terminal cshape. The paramelers of this instance of the lerminal
shope are implicitly x=0, y=0, s=1, =0, and m=0 The lerminals in the right side of
the first shape rule are given by the rule shape The relative focations of the
markers in the lirst shape rule are given implicitly by the specific parametlers of
the rule chape. The terminals of the right and left sides of the second shape rule

are identical and consist of singie instances of the terming! shape. The terminals of
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the initia! shape of the shape grammar are specified by the initiai shape
constructed using the program. The markers in the initial shape are given implicitly
by the specific parameters.

The program generates 3 shape by recursively applying the transformations
specified by the rule shape to the initiai thape. The shape thal is generated
consisis of muitiple instances of the terminal shape.

Assume there are r instances of the terminal shape in the rule shape, 1
instances of the terminal shape in the initial shape, and the selection ruie {level 1o
pe generated) is n Level O of lhe genersted shape is the initial shape and so
consists of 1 instances of the terminal shape. Level | is generated by applying the
shape rule to each instance of the terminal shape and 5o consisls of rt instances of
the terminal shape Level 2 is generated by applying the shape rule to each
instance of the terminal shape in fevel | and so consists of rZt instances of the
terminal shape, etc. Level n consists of ¢t instances of the lerminal shape. Thus
the generated shape consists of t » rl & r?t « _ » r"t instances of the terminal
shape. This is a geomelric series the sum of which is equal to (nel)t if r=] and
ti-r"h/(1-r) for r>1. In the example {(see Figures 30c, 33, and 35), r=2, t=4,
and n=3. Level! O contains four instances of the termina! shape, level | containg
eight, fevel 2 sixteen, and level 3 thirly two. The generated shape contains sixty
instances of the terminal shape.

The iermina! shape must be & closed shape. After its construction is
completed, the lerminal shape is represenled as & sequence of {xyi parrs where

each pair gives the coordinates of one of the verlices Each instance of the
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terminal shape in the generaled shape is representecd internally by the five
paramelers - x, ¥, 8, 5, and m - described in the previous seclion The terminals
of level i are generated from the terminals of level i~-1 by applying eath of the r
sels of transformations in the rule shape to each of the r'~!t instances of the
terminal shape of level i-1 to produce r'l new instances of the lerminal shape in
tevel | For cach terminal in level i-1, v new terminals of level i are generated It
RXDIS, RYDIS, RTHETA, RSCALE, and RINVERT are copies of the parameters of one
of the r terminal shapes in the rule shape and OLDXDIS, OLDYDIS, OLOTHETA,
OLDSCALE, and OLDINVERT are the parameters of one of the r'~!t shapes at level
i=1, then the parameters NEWXDIS, NEWYDIS, NEWTHETA, NEWSCALE, and
NEWINVERT of the resuiling lerminal shape of ievel i are given by the aigorithm :

IF OLDINVERT

THEN BEGIN RTHETA =~ -RTHETA; RXDIS «~ -RXDIS END;

NEWXDIS « OLDXDiS + OLDSCALE + {RXDiS + COSIOLDTHETA)
- RYOIS + SINMOLDTHETAN;

NEWYDIS =~ OLDYDIS + OLDSCALE  (RYDIS = COS(OLDTHETA)
+ RXDIS « SIMOLDTHETAY);

NEWTHETA ~ OLOTHETA « RTHETA;
NEWSCALE = OLDSCALE « RSCALE;
NEWINVERT ~ (OLDINVERT + RINVERT) MOD &

Thus the generaled shape consisls of mulliple instances of the lerminal shape
where oach instance is specified by five poramelers. To oblain the coordinales of
the verlicas of & particular instance of the terminal shape, the algorithm given in

the previous seclion is used
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The program allows the generation of much more intricate shapes than | had
patience to generate by hand Shapes conlaining over 5000 lines have been
generated using 10 - 15 seconds of CPU time. Flicker is nol a preblem if & Data
Disc display {a rasler-lype display) is used A few examples of the lypes of

shapes generated are given in Sections 3.1.27 - 3.1.28

3.1.23 Display of line drawing

After the iine drawing is generaled, it is cisplayed and the program enters
the second monitor stale The commands available in this monitor state are shown
in Figure 37.

if the user wants to change the sk pe grammar and generale 5 different line
drawing, typing "Q" returns the program 1o the shape grammar construction monitor.
The dispiay command "D" enables one level or & series of levels (o be displayed by
itself. The commands in this montor state operate on exaclly the levels thal are
displayed when the commands are lyped Recali thal in the painting Yellow Cross
used as an example, leve! O (the imtial shape} is ignored and just levels 1 thru 3
are used To oblain the shape used in this painting, the shape grammar of Figure
35 is constructed, used to generate & shape fo level 3, and the shape is displayed
{from ievel | tolevel 3

To specify a limling shape, "8" is lyped For the program, the limiting shape

is always a rectangle located around and culside the generaled shape After "B" is
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typed, the program asks "BORDER = " The pesilive number lyped in response by
the user is the distance from the minimum and maximum x and y coordinales of the
generated shape thatl the rectanguiar limiting shape is 1o be iocaled

To get a hardcopy drawing of the shape displayed, “0" is iyped This causes
a display file 1o be wrilten on the disk. This file can laler te used for printing on
the Xerox Oraphics Printer {or pictling on the Caicomp). Since the x:y aspect ratio
of the XGP is not normally | {e.g squares ge! drawn as reclangiesl, provision is
made for the user lo specily the current XGP aspect ratio and for the program lo
automatically correct for this

So far, the line drawing of the genersted shape has been displayed. This
corresponds to the implementation of the shape grammar and selection rule. In the
generative specification, the coloring rules deline how the areas contained in the
shage are 10 be painted This operation in the program is done in Lwo parts, which

are described in the next lwe seclions.

3.1.24 Transformation of line drawing 1o image of the painting

To display a colored image of the painling on the color television, an image
fite 15 first generated Thus file contans three bils for each point in the piclure to
be displayed The octal number assigned to ean point indicales the coior al the
point. Because the color television on which the painting will be displayed is
considered 1o have a 512 x 512 grid, an image file can contain up 1o D12¢312:3 =

768k bits or approximately 21k worgs



133

To create an image file for & displayed line drawing, "T" is typed from the
monitor state jus! described f no border has been specified (see pravious
section), the pregram reguests one. Because {he line drawing is defined in 3 1024
x 1024 coordinate sysiem and the image in a 512 x 512 cocrdinale system, each
coordinale in the line drawing will be divided by two. An array large enough to
contain the image of the painling is defined and zeroed Recall that the terminal
shape is required 1o be a3 closed shape and that the generaled shape is composed
of instances of the terminal shape. The terminal shapes in the generated shape are
taken one at a time, begirning with the shapes &t the lowest level (usually the
initial shape) and concluding with the terminal shapes of the highest level. For each
shape, all the coordinates contained in the shape are determined For each of
these points, the corresponding three bils in the image array is assigned the value
{ievel_of _shape + 1) MOD B independent of the previous content of thaose bils
Al the complelion of this process for the shapes of all leveis, all of the poinis
contained in the highest level are assigned (highest_level « 1) MOD B. All of the
coordinate points contained in termnal shapes assigned the second highest ieve!
but not in the terminyl shapes assigned highest level are assigned (highest_level)
MOO 8. Alf of the coordinale points in the third highes! level shapes but not in the
two highest are assigned (highest_level - 1) MOD §, elc. The coordinate points
contained in none of the generaled terminal shapes shill have value O i more than
seven levels of shapes have been generaled, a highly unusual occurrence, there
will be an overlap in the values assigned This algorithm implements the first

painting rule schema described in Seclion 3.1.1.3 and used in the examples of
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Sections 3.1.1.5 and 31.1.6. All genmeralive specifications defined using ihe
program are assumed (required to have painling rules that follow this sthema.

The various devices on which the picture can be displayed have different xiy
aspect ratios. Before the image file is generated, the user is asked the x:y aspect
ratio of the display device to be used

The image file created and writlen on the disk using the “T" command has a
format designed for use by the program described in the next seclion but different
than the standard piclure file formats in use on the system By typing "8" instead
of "T", an image file in standard hand-eye format is produced This file can be
used by the various system programs for displaying shades-of-gray piclures on the

Data Disc dispiays or printing them on the XGP.

3.1.25 Dispiay of painting

A separate program, TVDS, is used to display the image file consiructed for a
painting. The commands available to the user of TVDIS are shown in Figure 38.

The program allows an image lile to be read from the disk. The file contains
an octal number for each coordinale point in the painting This octal number
indicates the number of the color the point is to be dispiayed The specific color
associated with sach number is determined by the user of TVDIS using the “C”
command Colors are specified in terms of red, blue, and green intensily values.

The intensity of each color component can range from O to 83, so there are 236k
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differcnt possible colors in theory. The program aulomaliczlly transforms these

red, blue, and green values into the Intensily and two color compenents (¥ and Y}

standardly used in color television broadcasting using the following formulas :
INTENSITY ~ (RED « BLUE + GREENI DIV 3

XCOL ~ RED - INTENSITY » 32
YCOL =~ GREEN - INTENSITY + 32

Because some of the extreme combinalicns of red, blue, and green values cause
the values assigned to XCOL and YCOL to fall outside of the range O to &3, there
are somewhat less than 258k different colors allowable. The current color
components assigned to the points of each level can be shown using the N
command

Display on the coler television reguires twelve Dals Disc channels, a large
resource which is normally availgble only at nighl. The program uses the the inpul
image hle ond the color components specified for each level number 1o consirucl
the twelve Data Disc files which are then displayed

The painting can also be displayed in shades of grey (or green) on the Date
Disc displays This reguires only six Data Disc channels and is more frequently

possible.
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3.1.26 The number of memory words used 1o represent a generative specification

To review, the process of defining & generative specification and generaling
and displaying the resulling painting is as follows :
{1} The termunal shape, a ciosed shape which is composed of
straight lines, is constructed.

{2) The rule shgpe, which is composed of instances of the
ferminal shape, is consiructed

{3) The initial shape, which is also composed of inslances of the
{ermina! shape, is consirucled

{8} The selection rule is specified and the resulling shape is
generated

(5) A sub-sequence of lhe levels of the generaled shape is
chosen and displayed {oplional)

(6} The border is specified ond the image file 15 gencraled
{7) The colors for cach of the lovels and lhe background are
specified and the painting is displayed.
The shape grammar is specified in steps {1} - (3], the seleclion rule in step (8), the
painting rules in steps (5) and (7}, and the limiting shape in step (B).

How many words of memory are used by ithe program to represent each
generative specification® This is imporlant for the compuler implementation of the
aesthetic system (see Section 3.2.6) and may as well be answered here

{1} Let NVT be the number of vertices in the terminal shape
The internal represeniation of the fermingl shape uses twe
words for each ves'sx (ohe word cach for the x and y
coordinates? and one word o specify the number of

verfices for 3 tota! of 2eNVT+1.

{2) Let NRS be the number of instances of the terminal shape in
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the rule shape. Each instance uses five words of memory,
ene for each parameler. One word is used for NRS. The
totai number of words used for the rule shape is SsNRS+1.

{3} Lel NIS be the number of instances of the ferminal shape in
the initial shape. The internal representation is the same as
the rule shape. Tolal for the intial shape is SaNIS+1.

{4} The selection rule uses one word.

{5} To specify the sequence of leveis of the generaled shape to
be used In the painling, one word (in adgition o the
gselaclion rule) is used

{8} The border uses one word

{7} Let the number of levels of the generaled shape 1o be
painted, as specified in (& and (3}, be NLEV The
specification of the color 3 level is 1o be painted uses three
words, one each for the red, blue, and green components
The number of words used {o specify the colors is three for
each level of the shape 16 be painled plus three for the
background for & tolal of 3sNLEV+3.

The grand total is 24NVT + SeNRS « SeNIS + 3+NLEV + §

For the painting Yellow Cross used as an example: The number of vertices in
the terminal shape {(NVT) is 4 The number of inslances of the termina! shape in
the rule shape (NRS) is 2 The number of instances of the terminal shape in the
initial shape (NIS} is 4 The number ¢f levels of the generaled shape displayed in
the panting (NLEV} is 3. Thus the number of words of memory used to represent

this generalive specification is 56
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3.1.2.7 Example: Urform

The paintings shewn in Figure 39 are defined by the generglive specificalion
of Figure 40 using a selection rule of 0, 1, 2, and 3 respectively. These paintings,
and the paintings thown in the next two sections, were cregled using the program;
the pictures of the painlings are photographs of the computer dispiay. While
msy not De spparent from ihe black and while pholographs in Figure 385, each
individual level is colored identically in all paintings in which it occurs The
paintings in Figure 39 are a varialion of the paintings used as on examp'e in [Stiny
and Gips 1972]

The terminat in the shape grammas is an "L” shape tha! consisis of six straight
lines  The righ! side of the firsl shape rule contains seven terminals and markers in
padtion to the terminsl present in the left side of the rule The initiz! shape
contains lwo terminals and markers. In the construction of the shape grammar using
the program, the terminal chape consists of six straigh! lines, the rule shape of
ceven instances of the terminal shape, and the initial shape of two instances of the
terminal shape. The shape generaled using 3 as the selection rule contsins BOO

instances of the terminal shape
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3.1.28 Example: Star

The paintings shown in Figure &la are defined using the generalive
specification of Figure 82 with 3 selection rufe of O, 1, 2, and 3. Each ingivigual
level is colored identically in all painlings in which it occurs, &g the background is
colored light blue in all the paintings in Figure 41. The terminal in the shape
grammar is composed of six siraight lines. The right side of the first shape rule
contains five terminals and markers in addition to the termina! that occurs in the
left side of the shape rule. The inilial shape is composed of six overiapping
terminals and six markers. In the definition of the shape grammar using the
program, the terminal shape is composed of six lines, the rule shope of five
instances of the lerminal shape and the initial shape of six instances of the terminal
shape The shape gencrated using a seleclion rule of 3 contains S36 instances of
ihe terminal shape.

The paintings shown in Figure &41b are defined using variations of the
generative specification of Figure 42 These generalive specificalions are identical
to the generative specification of Figure 42 except for the inilial shape. In the
generative specificalion for the first of these paintings, the six terminals in the
imtial shape do nat overlap, bul are aligned langentislly to form & six pointed star.
in the generative specification for the second of these paintings, the inilial shape

consists of o single inslance of the terminal shape.




e T TIPS
|
|

Figure sla. Star. <cColors are dark blue, blus, groen, light blue,
and white (darkast to lightast) {n the final

patnting.

X :

ey £
55 8

A3 =5

<

Figure k1%, varlations., GSame colors.

Figure Ll, Star and variations.



Sha?= GRAMME PSSy

“J—rﬁ { Q %

i

R Coafuns

[ S sy

1 |
rile |
F)

i 1

[ T

| i
Eﬂt | {
d |

i |
T

Vu-505

r = ==
| ,\zl
PANY
1% :
;

‘I-—!--!--l-J'

S
[ i
i i
I ;
i i

5

e -m == =

GElECTieh RALE: 3

Vigure L2,

1%

vy AR L

f_;zn"’i_;';

Li_ ﬁ"(l.:w 13) =L

Lon”(L'ULzU’-*)"'J’

~(Lovliy lav L3) >

LiMTiNG SHape

Cenerative specification for Star.




145
31.29 Example: Aleatory

The shape grammars shown previously in the specification of painting have
been carefully constructed 1o insure that the generated terminals of each level are
aligned This enables the details of the shape gencraled using 2 relatively high
selection ruie to be discernible when the shape or painting is displayed The shape
grammars need not be so carelfully constructed

The paintings shown in Figure 43 were generated using a rather arbitrary
shape grammar, which is shown in the generalive specification in Figure 44. This
generative specification defines the most complicated painting in Figure 43 The
other paintings can be defined using the same gencrative specification, but with &
selection ruic of 1, 2, 3, or & Again, each individuy! level is colored identically in
ali the paintings in Figure 43 in which it occurs. The terminal in the shape grammar
is a rectangle. The right side of the first shape rule contains two terminals and
markers in addition to the lerminat in the left side of the rule. The iniliat shape

contains one instance of the termingl shape and one marker. Because the set L,

does not occur in the lefl side of any of the painting rules, the inilial shape is
ignored in the paintings.

This concludes the section describing generative specificalions and their
compuler implementation The use of generative specifications led directly to the

investigation o! aesthelics reported in the next secticn
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3.2 Aesihelics

321 Original motivalion

The investigation of sesthetics to be described was motivated by & curicsity
about criteria used lo evaluale pannlings defined by generalive specifications
Whenever a generative specificalion was crealed and the resulling painting
generaled, it inevilably would be evaluated Operationally, the savaluation either
could take the form of explicit stalements of approval or disapproval of the
generalive specification and painling or else could be implicit in tha final status of
the generative specificalion and painting. Namely, some of the generative
specificalions and resulling (skeiches of) paintings would end up in the
wastebaske!, tome would be saved, seme actually would be painted With the
impiementation of the computer program jus! described, the process of cresling
generative specificalions was facililaled and the process of generating and
displaying the resulling painlings was automaled The human evaluation of the
paintings remained Some of the generalive specifications were forgotien, some
were saved on the disk. Some of the displayed paintings were photographed The
process of evalualing the painlings was intriguing, 1o say the least. What criteria
were being used to evaluate the generalive specificalions and paintings® Could
these evalualive crileria be specified” Could & compuler program be wrilten to do
the evalualion® On invesligating these questions, il soon became apparent that
they could nol be answered in isolation Some very fundamenial issues about

aesthelics had to be examined first,
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322 General cbservalions on sesthetics

The firs! cbservation thal must be made is the great variely of sesthelic
viewpoints that exist, viewpoints which are frequently mutually inconsistent.
Different people may like different works of art, The same work of arl may be
liked by someone and disliked by someone else. One person may consider a work
of art 1o be a masterpiece while another considers it to be at best mediocre. To
some extent, there may be & shared aesthelic viepoin!, but this viewpoinl may
change over lime or from culture to culture or from art form to art form. Given
the multiplicity of sesthetic viewpoints, it would be foclish to stiempt to define any
absoiute and universal aesthetic viewpoinl. What does seem feasible is lo
characterize the logical properties and components of coherent, consistent
aesthetic viewpoints. The variely of aesthelic viewpoinis does not preciude the
possibility of precisely staling aesthetic viewpoints. Crystallizing the notion of
aesthelic viewpoint seems key.

A second observalion is that the evaiuatien of & work of arl is logcally
dependent on the interpretation of the work of art. For example, & painting of the
type shown in the preceding seclions may be interpreted by & viewer in many
different ways, e.g In terms of the celors of the painting or the siruciure of tha
shapes used in the painting or some association or emolion evoked by the painting
The painting may be interpreted as & political stalement or es an sbsiraclion cf a
face. How the panling is interpreted radically effects how it is evaluated To
specify an aesthalic viewpoint it is necessary {0 specify bolh the interpretstive

convenlions and the evaluative crileria of the viewpoint.
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Again, there are & greal variely of inlerprelalive conventions thal are used
Most of the literature in art theory and crilicism seems to be sbout interprelalive
conventions, eg discussions about specific interprelalive ceonventions or
descriptions of how parlicular works of arl can be interpreled An intriguing
distinction belween two iypes of interprelative cenventions keeps resurfacing in
the literature This is the distinclion bslween interprelslive converntions which
deal with the “internal coherence™ of works of art and interpretalive conventions
which deal with the “exiernal evocations™ of works of art. The terms “internal
coherence™ and “exiernal evocalions™ are orignal.  Relsled, but somewhat
discredited, terms are “form™ and “content” Beardsley [1558] aistinguishes
between "critical description” and “critical interpretation™. Frye [1957] contrasis
“inward or centripelal” and “oulward or centrifugal” interpretation The distinctions
made in the literalure are nol identical, but the ides is common There is 3
difference belween interpretation concerned with the internal structure of works
of arl and interpretation concerned with their external meaning Internal coherence
describes interprefative convenlions deaiing with composition, form, siructure,
erganization, internal log:ic. Fouillon [1988] and Arnheim [1554] provide interesting
discussions of miernal coherence in the visual arls iInterprelation concerned with
internal coherence deals with inirg-object relalionships, perhaps with the
relationships of parls of the object lo each olher and lo the cbject as a whole
Interpretation of the paintings of Section 3.1 in terms of their shape grammars and
generative specificalions would deal with inlerna! coherence. External evocation

denoles interprelative convenlions thal deal with what a work of ar! means, what
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objects, scenes or evenls are represented, what associalions are made, what
emotions are aroused or expressed Gombrich and Goodman provide interesling
discussions of external evocation in the visual arts in terms of expression
{Gombrich 1963] [Goodman 1968] and representation [Gombrich 1360] [Goodman
1968] Interpretation concerned with external evocalions deals with exira-cbject
relationships, with the relationships of the object and the outside worid. Of course,
all sesthetic viewpoints do not have interpretative conventions thal are purely of
one type or the other. Many authors (eg [Arnheim 1954]) siress the importance
of using interprelative conventions that combine both internal coherence and
external evocation But the distinction is common and useful.

Returning to evaluation, it has been cbserved that the evalualion of & work of
art is no! absciute and universslly agreed upon but relalive to a specific aesthelic
viewpoint and in particular thal evaluation depends on interpretation A siriking
feature of the iiterature on aesthelic evaiuative criteriz is the ubiquily of the
terms “unity” and “variely” and relaled terms such as “order” and “complexily”.
The notion of aesthelic value being related to “unily in variely™ seems o dale
back to the Greeks. A modern trealment of this notion is giver in [Beardsley
1958] An important work on this subject is the book Aesthelic Measure by the
mathematician G. D Birkho!f [1932] Birkhotf defines the evaluative criteria
M = 0/ C, where M iz aesthetic measure, O is order and C is complexily. Birkhott
applies this measure to several classes of cobjecls, eg Greek vases, polygons,
music, poelry, by defining formuias for measuring the order and complexily of

elements of each of the classes. For example, for polygens order is defined as
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O=V+E+R+HV-F, where V is & measure of verlical symmelry, £ is a
measure of “equilibrium”, R is a measure of rotational symmelry, HV is & measure
of the relalion of the polygon lo a horizontal-veriical nelwork, and F is & genersl
negative factor which takes inlo account &g, angles loo near { degrees or 180
degrees and too small distances between vertices. Complexily, C, is defined as the
number of indefinitely extended straight lines reguired {o contain all the sides of
the polygon The ratic of the amount of order messured to the amount of
complexily measured for each objec! is the sesthelic value assigned to the object
relative 1o the class. This measure is then used lo sesihelically order the objects
irn the particular class The aesthelic measure defined for polygons was applied to
ninety different polygons. Birkhoff's work can be crilicized in terms of the lack of
attention paid to the nolion of interpretation, the arbitrariness of the way order
and complexity were measured in the different classes of objects, and the belief
that a single formula would be universally applicable, but it certainly is
praiseworthy for ils exaclness, s quaiily nolably missing in the rest of the
literature. 1t ic also notable for being universally ignored in the aesthelics and art
literature.

To reilerate: There is 3 mulliplicity of aesthetic viewpoints. It is infeasible to
define a single, absolule, wuniversal gsesthelic wviewpoint, bul the logical
charactenistics of aesthelic viewpoinis can be explored Perhaps an example of an
aestheolic viewpoint can be specified precisely. Works of art can be evaluated only
relative 1o an aesthelic viewpoint. Evaluation depends on inlerpretation An

aesthetic viewpoint contans bolh inlerprefalive convenlions and evaluative
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criteria  Two kinds of interpretalive conveniions have been distinguished, those
concerned with the interna! coherence of works of art and those concerned with
their external evocalions. Evaluation frequently has been discussed in terms of
“unity” ang “varisly™ or, similariy, *order” and "complexily™ With few exceplions,
the literature is remarkable for its general imprecision

Tha final observalicn lo be made is that aesthetic viewpoint is invoived in
the synthesis (design of & work of art &s well as the analysis of & work of art.
Both the artist and the viewer/crilic have an sesthatic viewpeinl. In synihesis, an
object which ¢gn be interpreted in such & way that it has & high sesthetic value
from some aesthelic viewpont is constructed In analysis, & given objec! is
interprated in such & way that it has as hgh an aesthetic value as possible. In the
following sections a methed is deveioped that sllows an aesthetic viewpoint lo be
specitied in terms of its logics! components and their interrelationships, independent
of whether it is to be used for analysis or synlhesis

Firs!, aesthetic system is delined Resthelic systems provide & logical
iramework n which the interpretslive conventions and evaluative criteria of
individua! aesthelic viewpoinls can be specified precisely A preliminary discussion
of aesthetic systems is given in [Gips and Stiny 1673] Inlatter sections, & specific
sesthetic system for paintings definable by generative specificalions and ils
implementation on the computer is descriped Aesihelic systems are related lo
Kolmogorov's formulation o! informalion theory. Their applicability in the sCiences
is touched upon Finally, the use of aesthelic systems in the snalysis and synthesis

of works of art is investigatea
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3.23 Acsthelic sysiems

The definition of aesthelic system provides & logical framewerk in which
divers aesthetic viewpeints can be formalized The definition is an hypothesis
about the underlying structure of possible aesthelic viewpoinls. The assumplion is
that while the contents of specific aesthelic viewpeoints may vary widely and be
mulually inconsistient, the absiracl organization of fermalizations of these
viewpoints may be the same Each aesthetic system is a formalization of a
particular aesthetic viewpoint. Given the multiplicity of aesthelic viewpoints and
the inconsistency belween differen! viewpoinls, 3 universal aesthelic sysiem is
neither expected nor desired The aesthetic system to be defined for paintings
having generative specifications is a formalization of just one of many possible
aesthetic viewpeints for interpreling and evalualing lhese paintings. While the
definition of aesthelic system was developed as & framework in which this specific
aesthetiz viewpoint cou'd be formalized, it is hoped thal the definition provides a
logical framework adeguate fer the formalization of many different aesthetic
viewpoints for a wide variely of art forms

it must be emphasized at the oulset thal the definilion of aesthelic systems
provides only a framework fur formalizing different aesthetlic viewpoints, There is
no intention to gioss over the extremely difficull problems inveoived in specifying
individual aesthelic viewpoir's in terms of aesthelic systems. There is no magic
here. The difficull par! of specitying aesthelic viewpoinis remains after the

general definition of sesthetic systems is given How lo specify the components of
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sn aesthelic system so thal the sesthelic sysiem correspends to a particular
sesthetic viewpoint held by & person is & very open question thal is likely to
remain open for & long lime

An aesthetic system consisls of four parls: (1) & set of interpretations I,
defined by an algorithm A, (2) a reference decision algorithm R which determines if
an interpretation in 1 refers 1o & given object, (3} an evaluation function E which
assigns values to interpretations in 1, and (4} an order O which orders the values
assigned 1o interpretations by the evaluation funclion Formally, an aestheiic
system is given by the 4-tuple <IREQ>

For each aesthetic system, the sel of interpretations [ is defined sbstractly
by a fixed, deterministic algorithm A [, conlains all possible input-output pairs
<af3> for the algerithm A, where both o and § are finile, non-emply sequences of
symbols from possibly different finite alphabets The pair <af> is an
interprelation in the sot I, if ard only if when given inpul sequence o, A
terminates with outpu! sequence . Membership of an interpretalion in 1, is
independent o! actual objects, depending only on the sequences o and § and the
algorithm A. i, is a potentially infinite sel of finile interpretations. Intuitively, La
contains all interpretations thal possibly could refer 1o objects from the aesthelic
viewpoint specified by the aesthelic system

An interprelation has two parls, o and . Generally, one is a description of
an cbject end the other is a specification of how thal descriplion is undersiood

Two basic iypes of interprelalion are distinguished which correspond (o the

iraditional division belween external evocslion and internal coherence (see
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previous seclion). In an interpretation examining the external evocation of an
object, the descriplion of the object is paired with the response evcked by the
object. In an interprefation examining the internal coherence of an object, a
specification of the underlying structure of the object is paired with the description
of the object. To make lhis more precise requires 5 discussion of the reference
decision algorithm

The reference decision aigorithm R when presented with an interpretation in

ls and any reai-worid object decides whether the interpretation refers to the

object. The notion of “cbject” is used here in ils widest possible sente to include,
for example, musical or thealrical performances as well as paintings or novels. Or
elephants for that matter. The general form of the reference decision algorithm is
shown in Figure 45 R contains 3 sensory input transducer, S, which provides an
interface with the object. The object is presented o the sensory inpul transducer
{which for painting migh! contain & high resolution celor television camera) while an
interpretation <a B> in 1 is given as input. The oufput of R is True if and only if
the interpretation refers 1o the cbject in general, there are many interpretations
im [ 5 which do not refer 1o aclua! objects. It is possible that for a given aesthetic
system, every object would have some interpretation, however minimal, that would
refer to it. Altermalively, for a given aesthelic system only a8 very limited class of
objects (eg, panlings of & certain resiricted type! might have interpretations
which refer to them A discussion of reference in the context of aesthelics is
given in [Goodman 1968]

The reference decision algorithm allows for the precise definition of “work of
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art™; for & given aesthelic system, an object is 3 work of arl if and only if there is
an interpretation in the se! of inlerpretations which refers to il

Additional structure for R can be specified In parlicular, the use of the
reference decision algorithm schema of Figure 46 resulis in interpretations which
deal with either the external evocations or internal coherence of objects 1o which
they refer. For an interpretation <o 5>, either o or 5, bu! not both, is used as
input for the delermination of reference in this schema. The first part of the
schema, shows a sensory input transducer, S, linked 16 an aigorithm which produces
a finite and discrele canonica: descriplion, 3, of the presented object. For
example, in music, drama, literature, or architecture A could resemble the score,
script, {ex!, or plan A is the complete descriplion of the object in the sense that
only those attributes identified by X are considered in interpretations. Different
objects producing idenlical X are indistinguishable for interpretation in a given
aesthetic system of this type This can aliow 8 single interpretation 1o refer to
muitiple reproductions of a painting, copies of a novel, or performances of &
concerto. Or, in & given aesthelic system, if can allow a single interpretation o
refer o all Bartok pianc pieces or all Jackson Pollock paintings. The second part is
a comparator which has as output True if X is identical to the input component of
the interprelalion snd False otherwise This reference decision algorithm schema
gives an operalionsl definition of the canonical description, A, of an cobject. The
two cases of this schems, i.e, where a=i and where =2, are paradigmatic for the
two basic types of inlarprelation dislinguished above.

Aesthelic systems in which = in interpretations <a5> is the description of an
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object, eg, a=X in the reference decision algorithm schems of Figure 45, may be
considered to deal wilh the exlernal evocalions of cobjecis referenced by

interpretations in [,. For interpretations in these systems, [ is a specification of

the response evcked by this description Given a, the algorithm A determines
explicitly the entire contenl of this response. The descriplion of an cbject is the
inpu! lo the algorithmg the response to that descriplion is the oulput of the
algorithm For exampis, § may be s symbolic encoding of the assccialions or
ermolions evoked by the description of the object. The algorithm A embodies the
interpretative conventions of a specific aesthelic viewpoint which determine what
associalions or emolions are attached o the description of an object. Discussions
of an object in terms of content, representation, expression, elc. can be based on
interpretalions of this type. Some possible gesthelic systems which deal with the
external evocalions of paintings definable by generalive specificalions are
discussed in Secltion 3.29. Again, it must be esmphasized that the definition of
aesthelic systems provides only a framework for specilying aesthelic viewpoints
Constructing an aesthelic system thal! corresponds te a particular aesthetic
viewpaoint held by a person {especially a viewpoint of the type just discussed) can
be extremely difficull.

Aesthetic systems in which § in interprefations <o 08> is the description of an
object, &g, =X in the reference decision algorithm schema of Figure 46, may be
considered o deal with lhe inlernal ccherence o! objects referenced by

interpretations in 1. For interpretalions in these systems, a is & specification of
#, the description of the object, in terms of its syntactic or semantic structure. o

is & sequence of symbols which when protessed by the algerithm A produces
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exaclly 5, the description of the object. The algerithm A determines implicitly the
nsiure of acceplable underlying siructures for the description of the object. For
example, § could be specified by o consisling of & symbolic encading of rules of
consiruction or principies of organization based on the occurrence of patterns,
molifs, or themes. The aigerithm A embodies the interpretative conventions of a
specific aesthelic viewpoint which determine how the description of an object can
be constructed from o. Discussions of an cbject in terms of form, composition, elc
can be based on interpretations of this type. The aesthetic system for paintings
having generalive spacifications presented in section 3.24 is an example of this
kind of aesthetlic system

An aesthelic system which deals wilh internal coherence and an aesthetic
system which deals with external evocations somelimes can be composed o form a
single aesthelic system A prelimnary discussion of this construction is given in
{Gips and Stiny 1373} a detaled discussion is given in [Stiny, in preparation] This
new aesthelic syslem deals wilth both the internal coherence and exierns
avocations of objecls referenced by interprelations In this system, = in an
interprelation which refers 1o an object is & symbolic encoding of the rule of
construction or organizgtion of the object; 3 gives the evocations of the cbject.
The new algorithm A is the compesition of the algorithms of the two original
aesthelic syslems and preduces the description of the cobject internally. In
praclice, most aesthelic viewpoinls seem to be of this type, dealing with both
internal coherence and exiernal evocations

A set of interpretations [, and & reference decision algorithm R sre a
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formalization of particular interpretative conventions. I, defines the potential

scope of thse convenlions; R determines their empirical extenl. Any interpretalive
conventions are allowable if A and R can be constructed to conform to them

The evalualion funclion E is defined on the set [, and assigns an aesthetic
value to each interpretstion in [;. There are many possibilities for evalualion
functions. An evaluation function for interpretations <a 5> may be defined in terms
of just o, just B, or both The funclion may consider the content of an
interpretation, eg, the occurrence of specific symbols in a or &, or the general
characleristics of an interprelation, eg, the lengths of @ or 8. O is an order
defined in the range of E and may be partial or lolal. The evaluation function

together with the order ranks elements of [, Note thal direct aesthelic

comparisons can be made only wilhin 2 given aeslhelic syslem

An interesting evaluation function for aesthelic systems is given by
Ex{<a8%) = Lf)/Lix)
where L(a) is the length of o and L(G} is the length of 0. The total order O
naturally asscciated with E; would rank iwo interpretations such that the

interpretation assigned the higher value is aesthelically superior.

Because the evsiuation function £; is defined in terms of the lengths of a and
§ occurring in interpretations, E; and O; can be combined with any sel of
interpretations 1, and reference decision sigorithm R to form an aesthetic system
For a given I, the evaluation furction E; assigns high aesthetic values to

interpretations <a 5> in which a is an economical specification of § wilh respect to

A, i.e. in which a is much shorter than .
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For aesthetic systems which deal with external evocation, in an interpretation
<u 3> which refers 1o an object, o is & description of the object and {5 is an
encoding of what is evoked by this description {see Figure 46). In this type of

aesthetic system, an interpretation <5 3> is assigned & high aesthelic value by E> if

the symbolic encoding of the evocations, 0, of the cbject are very long relative to
the description, o, of the object. Here the descriplion may have muliple, lengthy
evocalions. The input to the sigorithm (ie the descriplion of the objecl) is much
shorter than the outpul. An interpretalion in this lype of aesthelic sysiem is
assigned low aesthetic value by £ if the description has minimal evocations.

For a=sthelic systems which deal with internal coherence, in an interpretation
<u 3> which refers to an object, o is & specification of {3, the description of the
object. In this type of aesthetic system, an interpretation <a,08> is assigned high
aesthetic value by E; if the rules of organization or construclion, n, is very short
relative 1o lthe description, 3, of the cbject. Here, the descriplion of the object
has & brief encoding in terms of the aigorithm A, The input to the aigorithm is much
shorler than the output (i.e the detcription of the object). The description of the
cbject has high internal coherence relalive to A An interpretation in this type of
pasthetic system is assigned low sesthetic value if the rules of organzalion, «, are
lengthy compared to the description, §

The use of the evaluation function E; in sesthelic systems concerned wilh
internal coherence can be considered & precise formulalion of the lraditional
notions of "unity™ and “variely” in aesthelic evaluslion {see previocus section). in

this contexi, the “unity” of the object is measured by Lin} as it indicales the
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brevily of the rules of construction or principles of organization required to obtain
B, the description of the object, using A. The smailer the length of o, the greater
the "unity™ L(0), the length of the description of tha object, provides & measure of
the variely of the cbject. The greater the length of G, the greater the “variety™.
Using this characterization, if an object has “unity™ and “variety”™ relative lo an
aesthelic system, then an interpretation which refers to if contains a short o and &
long § and therefore is assigned high sesthetic valve by E;.

There are other possible evaluation functions that are genersily applicable
and are of interest. For exampie, it has been suggested that the amount of
computalion required for the algorithm A to output 5 given o as input should be
taken inte account in evalualing the interpretation <a > The idea is that, in
general, interprefations in which relalively bris! computation is required to
compute {§ given a are aesthelicelly preferred A firs! approximation of an
evaluation function that combines this notion with the evaluation function E; might
be Epsl<a0>) = Eji<afo)ftdad = Loiflidiet (a0l where t.(a0) is some
measure of the {ime required for the algerithm A to compute § given o Notice
that this evaluation funclion is dependent on the exact nature of the algorithm A,
whereas E; is dependent only on the characteristics of the input-output pairs of
the algorithm Left unspecified are exactly how %, 15 {o be compuled and the
relative weights to be assigned Ey and 1, The idea ot including @ measure of the
compulation lime in the evaluation function will not be pursued further here, nor
will olher possibie evaluation funclions be explored The evaluation function g

will be used in most of what follows
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3.24 Aesthetic systems and information theory

During the past twenly-five years there have been numerous attempls to
apply resulls in information theory (and related earlier resuts in thermodynamics)
to sesthetics and art theory, eg [Arsheim 1971] ana [Meyer 1959] This work
has been hampered by two serious problems. First, the notions of aesthetics have
been exiremely imprecise. Second, the work has attempted to apply a
statistically-criented formuiation of information theory to individual works of art.
These problems can be remedicd by using the pracise notions of sesthetic systems
just described and the algorithm-crienied formulation of information theory
developed by Koimogorov [1968], Soiomonc!f [1964] Chaitin [1870] and others.
This new formulation provides for the computation of the informsation-theoretic
entropy of an individual sequence of symbals in terms of the ienglh of the shortest
algorithmic specification of the sequence instead of the likelihood of cccurrence of
the sequence among ali possible sequences The entropy of an individual sequence
can be calculated in terms of its own structural properties independent of tha
content and stalistical properties of the full set of possible SequUENces.

Assume thal o and § are defined over binary slphabets snd that A is 8
universal compuling sigorithm  The entropy of the sequence  with respect to the

aigorithm A, Hi(3), is defined by Kolmogorov [1968] to be the length of the

shortest sequence o which when used as input to A produces culput 8. When this

sequence o is shorler than O (e Liad = Hydl < L(B) §, § must have some

structural regulanily or periodicily. When this seguence o is the same length or
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longer than a (long) sequence (8 (ie. Lio) = Myt 2 LB ), § has no strutural
regularity or periodicily and may be considered random [Kelmogorov 1568]
[Martin-Lot 1965] Note that no sequence 3 can have entropy much greater than
ite length as o can always be the instruction “write out 7. It is easy to show that
there are reialively few sequences with low entropy and that almest ail sequences
have nearly maximal entropy [Martin-Lof 13965} .
The application of these resulls lo aesthelic systems is siraightforward and

provides insight intc the evaluation function €5, For an interpretation <a5> in a
sel of interpretations I in an aesthetic system using the evaluation function E;, if
z is the shortes! input seguence which produces output § when processed by A,
then £; compules the ratic of the length o  to its entropy (ie Lix) = H, {0} and
Ex(<a) = LB/ = UPHHLB ). The sesthetic value assigned this
interpratation is approximalely the entropy of & random sequence of length L(D)
divided by the actual entropy of 5. This expression can be considered the
reciprocal of ihe relative entropy [Shannon and Weaver 1948] of 5. Any
interpretation in I thal is assigned aesthetic valus greater than 1 by E; must
contain 3 that is not random If the assthelic value assigned an interpretation is
grester than 1, the entropy of O must be shorler than ils length Any
interpretation in [ 4 that contains § which is random is assignea low aesthetic value
(<1) by E;. These resulls are especially interesling for sesthelic systeras in which
{ is the descriplicn of an object. In this case, ail interprelations wilh object

descriptions thal sre random sequences are assigned low aesthelic values by Ej.

From 1he fina! sentence of the precedng paragraph it follows thal a sel of
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interpretations 14 is, in general, very sparse in interpretations to which £ assigns

high aesthetic value (i.e. for which Ex{<a >} >> ).

325 An aesthelic system for paintings definable by generslive specifications

An aesthetic system which contains interpretations which refer to the
paintings specifiable using the program for generative specificalions described in
Section 2.1.2 has been developed and implemented in part on the compuler.

In an interpretation <a5> in this aesthetic system, « is 2 generglive
specification that can be defined using the program 8 is a straightforward and
exhaustive description of the resulling painling mede in terms of the shapes and
colors of the differant painted areas of the panting.  takes into sccount only the
most obvious shape and color redundancies that occur in paintings of this type.
The key to { is that it can be constructed from just sn image cof the painling as
well as from a generative specification

i in an interpretation in this aesthelic system consists of three lables - a
shape table, a color table, and an occurrence table The format of these tables is
shown in Figure 47.

The shape table specifies the different shapes of the painted areas in the
painting. There is one entry in the shape labie for each geometrically non-similar
shape. For exampls, if any of the areas of the painlings are squares, exactly one

entry in the shape table would be & square.
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The coior lable spfr fies Lhe different colors of the areas in the painting
There is one entry in the color table for each color. For example, if some of the
areas in the painting are painted & cerlain shade of blue, exactly one entry in the
color table would be that zolor. Eniries in the color {abie for & painting normally
are identical 1o the colyws specified in the right side of the painting rules of the
generative specification of the painting.

Each enlry in the occurrence table corresponds unigquely to a distinct colored
area occurring in the pairing. Each enlry has seven parls: i, is the index of a
11

shape entry occurring in 2 shape lable and specilies the shape of the ares; i,

the index of a color entry “«ccurring in the color lable and specifies the color of the

ares; %, y, 8, s, and m are 'ra~sformations which map the shape indexed by i, from

the shape table coordinale system o the painting coordinate system, whera x an
y determine tiransialion, ¥ determines rolation, & delermines scale, and m
determines if the mirror in ige of the shape is used For example, assume & blue
square occurs in the lop r ght corner of the painling. This means tha! cne of the
entries of the shape lable is & square and one of the entries in the color table
specilies tha shada of bluea I[n the entry in the occcurrence lable that specifies this
particular colored shape, i, is the index number ¢f the enlry for sguare in the
shape table, i_ is the index number for the entry for biue in the color table, and x,
y, 8, 5, and m specify the exact iocation of the sguare in the painting

An example of the shipe, celor, and occurrence tables for an actual painting is
given in Seclion 3.2.7.

interpretations in this pesthetic system deal with the interng! coherence of
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painfings. o, a generalive specification, is an indication of the underlying structure
of the painting £ is & description of the painting. The algorithm A, given an o as
input, produces the corresponding § as outpul.

The reference decision algorithm R in this asesthelic system can be
construcled to correspond with the § form of the reference decision aigorithm
schema of Figure 46. The sensory input transducer S would be & color television
camers The algorithm linked to S would contain a color oriented edge-following or
region-growing routine. The description X constructed by this algorithm for the
object would have the lable format of §. The [ of any interpretation which refers
to an object would be identical to the description X constructed for the object in
the reference decision algorithm The reference decision algorithm has not been
implemented on the compuler because it is nol necessary for the specilic task
which the program performs.

in this aesthelic system, the evaluation function Ez{<a3>) = Lla)/LIG) is used

as is the associated order Op. In the calculation of sesthetic value using Ez, the

lengths of « and { are defined 1o be the number of words of memory used lo
represent them in the computer implementation
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3.26 Computer implementalion

Parts of the aesthetic system just descr.bed have been implemenied on the
computer. The aesthelics program has been incorporaled into the program for
generative specifications described in Section 3.1.2 The nel resull is that an
asesihetic value can be caiculated by the program for the interpretations of many
paintings definable using the program Lookin~ at the whole program in aesthelic
system lerms, the program is given o (a gener:live specification) and can be asked
to (1} use the algorithm A fo consiruct the resulling O (lables), (2) evaluate this

interpretation <o 3> using E;, and (3) construe ' an object (display the painting) to

which the interpreiation refers. Thus the alg -ithm A and the evaiualion funclion

£; have been implemenied The reference ocecision slgorithm has not been

implemented because It is assumed that ik program works, namely that the
constructed interpretation really does refer 1= the displayed painting. The order
O; has not been implemented because th: program works wilth only one
interpretation and one painting at & time. The user must make sny comparisons of
aesthelic value

The aesthetic progrom can be called frum the monitor level descriced in
Section 3.1.2.1, i.e. after a generative specificelion hes been defined and a shape
generated using the shape grammar and selection rule. Given a generative
specification and specified shape, the zesthetics program (1) constructs the shape,
color, and occurrance tables (ie, () for lhau' painting and {2} calculates the ralio of

the length (number of words of memory used in the compuler representation) of
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the iength of 3 (the tables! o lhe length of a (the generative specification) to
obtain the aesthelic value assigned by E;.

Toe construct the shape and occurrence lables, the aesthelics program must
first derive the outline of the different colored areas of the final painting The
shape generaled by ithe shape grammar consisls of mulliple instances of the
terminal shape. To delermine the oulline of the areas in the final painting, the
effect of the painting rules must be laken inlo account. For example, terminals at
the same level may overiap and have lo be merged Parls of shapes at the lower
levels may be hidden by shapes of & higher level. This part of the program makes
use of varialions of the algorithms reporied in [Easiman and Yessios 1872] for
performing Boolean operations on shapes. The impiementation is quite involved and
uses & lemporary but lengthy dals structure of nodes snd pointers. Because of
this, there is & limi{ on the number of lines and shapes in paintings for which the
aesthelic program can be run  Ailso, the current program does nal work properly
for some painlings containing shapes wilh complicaled configurstions of holes. It is
expecled that these resiriclions will be sllevisted in fulure versions of the
program

The intarnal represenialion of the shape, color, and occurrence lables is
important for the calculation of aesthetic value in this assthelic system The
evaluslion function E; is defined as the ratio of the length of § to the length of =,
where the lengths of a and [ are the rumber of words of memory used to
represent them in the program The number of words of memory used to

represent o, a generative specification, in the program is described in detsil in
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Section 3.1.26. The number of words used 1o represent § is the sum of the
number of words used {¢ represent ils three componenis - the shape table, the
color table, and the occurrence iable

Each entry in the shape lable is & closed, reclilinear shape The

representalion of each enlry is constructed as follows:

(1)} Find the shoriest edge of the shape and cail ils length 100
(2} Trace around the shape counter-ciockwise beginning al the
verfex after the shorlest edge. Al each verlex record the
angle belween the edges. Al each edge record the length
of the edge assuming the shortes! edge is 100. Stcp the
trace afler reaching the next to last edge. The lrace can
be stopped here Decause the shape is known o be closed
and reclilinear so the fimal angles and edge length are
redundant.
In step (1), if there is more than one edge of the shortest length, the tie is broken
by beginning & counter-clockwise trace from eath of the short edges and
successively comparing each angle and edge length encountered The short edge
that is followed by the smaiiest angle (and if that is & tie, the smaliest edge, eic) is
selected If an entire irace is made and the tie iz not broken, which short edge is
chosen does not matter: the shape s symmetric. Thus, each closed, reclilinear
shape is represenied as a list of {angle, dislance)} pairs The representation must
also include one word which gives the number of pairs lisied An example of the
representation of & shape is given in Figure 48 For 2 shape with a hole, tws

identical edges are added inilislly belween a verlex on the inner boundary and &

vertex on the outer boundary so tha! the trace arcund the shape is continuous.
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The number of words of memory used 1o represent each enlry in lhe shape lable
i this format is 1+2(V-2} = 2V-3, where V is he number of edges of the shape.
This representation was chosen because it is invariant under tha transformations of
transiation, rolation, and scale and thus facilitates comparison of two shapes of
arbilrary position, orientation, and size. The number of words used to represent
the shape table is the sum of the number of words used for each entry plus one
word which gives the tolal number of entries in the table.

Each entry in the coler table is 2 color and is represenled by three words,
one each for the red, blue, and green intensily components of the color. These
three components correspond to the way color is specified for the program that
displays gencrated paintings on the color television {see Seclion 3.1.25). The
number of words used 1o represent the color table is three times the number of
entries (number of colors in the painting) plus one word which gives the total
number of entries in {he table

Eoch erlry in the occurrence table hac seven parls: i the index of the shape
in the shape table, i. the index of the cclor in the color table, and x, ¥, 8, 5, and m

the parameters which specify the lccalion of the shape on the canvas Each entry
is represented by seven words, one {or each parf. The number of werds used 1o
represent the occurrence lable is seven limes the number cf enlries (the number
of different painted areas in the painting} plus the usual one word which gives the
total number of entries in the table.

When the aesthetics program is called frem the monitor, the program displays
the outline of the areas of the final painting, outpuls the lengths of o and {§ and the

value assigned by E;, and then returns to the monilor level from whence it came.
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32.7 Example: Anamorphism | = Vi

Six paintings, Anamorphism | - Vi, are shown in Figure 49. In this seclion,
intarnrztiations are given for these paintings and thess interpretations are ranked
This example was done using the program Specifically, generative specifications
for these paintings were defined using the program and the shapes generaled The
aesthelics program then constructed the associaled shape, coler, and occurrence
tables and calculated the aesthelic vaiues sssigned by E;. These values can be
ordered using 0> The pictures of the painlings in Figure 43 are photographs of
the compuler display of the paintings.

The generative specificalion of Anamorphism | is shown in Figure 50 The
generative specifications for Anamorphism Ii - Vi can be obtained by substituting
the ruies shown in Figure 51 for the first rule in the shape grammar in the
generative specification for Anamorphism 1L Additionally, the limiting shapes of
Anamorphism V and Vi are slightly different than the olhers bcause of the
differences in lenglth and width of the genersled thapes in these painlings The
generative specifications of these six pantings differ primarily in the location of
the markers fcircies) in the right side of the first rule in the shape grammar.

The lengths of the computer representations of these generstive
specificalions are the same In the compuler representation of each of these
generalive specifications: The lerminal is a rectangle; the number of vertices in the
terminal shape (NVT) is 4 Two terminals are added by the right side of the rule;

the number of instances of the lerminal shape in the rule shape (NRS) is 2. The
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- e i

Anamorphis= I Anamorphiss 11

‘namorphis= 111 Anamorphis= IV

r=

B

Anamorphism ¥ Inamorphisa VI

vigure k3. Anamorphism T = VI. Colors are blue, red, green, light blue
(darkest to lightest).
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initial shape contains ona lerminal; the number of instances of the lerminal shape in
the inilial chape (NIS) is 1. The number of ievels displayed in the painting (NLEV)
is 3. In facl, the computer representations of the generalive specifications differ
only in the exact values of the @ (rotation) and m (mirror image} paramelers of the
terminal shapes in the rule shape. Using the formula developed in Section 3.1.2.8,
the total number of words used 1o represent each of these generative
specifications is 2sNVT + SiNRS « SeNIS + JsNLEV + § = 204 + 552 + 5u] » 353 »
g = &41.

Since the lengths of the = in the interpretations that refer 1o Anamorphism | -
Vi are the same, the aesthelic value assigned by E; lo each inlerpretation is
directly proportional to the length of § in the interpretation

The  (shape, color, and occcurrerce tables) constructed for Anamorphism | is
shown in Figure 51. The shape {able has seven eniries, one for aach of the shapes
occurring in the painting. Calculation of the langth of the shape table is shown in
Figure 52 The color lable has four enlries, one for each color. The occurrence
table has twenty entries, one for each of the distinct colored areas of the painting.
The output of the sesthetics program for Anamorphism | is shown in Figure 53.

The number of entries and length (number of werds used in the
representation’ of each of the tabies of 0 for the six painlings are shown in Figure
543 The aesihelic value assigned each of the interpretations fer Anamorphism i -
Vi is shown in Figure S4b.

The ordering determined by O of the sesthetic vaiue sssigned by E; to the

given interpretations which refer 1o Anamorphism | - Vi is, in order of decreasing

aesthetic value, Anamorphism L, IV, Ii, i, Vi, V.
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g: 56 terminal shape £ lines

- & length
rule shape & shapes = 2 length
initial shane # shapes = 1 {ength

selection rule <i,2» length
coloring rules B levels - 3 length
limiting shape border - 38 length
Lial

fi: shape table ¥ entries = 7 length
color table F entries = & fength
occurrence tabie # entries = 20 fength
Ligs

EZlca,fix)

tength of s=allest side = lo
length of border = 205
required spatial resolution = 1/13

Figure 53. Output of aesthetics program for Anamorphiss I.



183

Anamorphism Shape Tobfe  Color Taole Occur. Tasle Lg)

- - o L TR ——

Hentries length Fentries length Fentries length

I 7 188 & 13 28 141 254

I 6 35 4 13 28 141 243
1 5 82 4 13 2@ 141 236
v 7 33 4 13 28 141 252
¥ 5 82 & 13 18 127 282
¥i B » & 13 16 113 228

Figure 54a. Summary of £ for Anamorphism I - VI.

Anamorphise Lia) Lig EZl<a,fi>})
1 41 254 6.20
1 41 243 6.87
111 41 236 5.76
v &1 252 6.15
¥ A1 202 %.93
¥l 41 221 5.39

Figure 5ib. Calculation of aesthetic values sssigned the interpretations
for Anamorphisa I = VI in rhis aesthetic system.
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3.28 Commenls

The aesthelic system jusl described deals with the inlernal coherence of
paintings having generative specifications. For interpretations <a5> in this
aesthelic system, o is a specification of the underlying structure of the painting and
£ is the description of the painting The aslgorithm A embodies the conventions by
which {3, the shape, color, and occurrence tables, can be constructed given o, a

generative specificalion The se! of interpretalions I, contains all possibie

generative specifications definable using the program and their associaled shape,
color, and occurrence tables. § is easily oblainsble from & painting, allowing for a
straightforward construction of a reference decision algorithm R having the G form

of the schema of Figure 46. The evaluation funclion, E;, used in this aesthetic

system assigns high aesthelic value to interprelstions having shorl generalive
specifications and fong shape, color, and otcurrence tabies

The aesthelic system is concerned primarily wilh shape. The aesthelic value
assigned 1o an interpretalion which refers 10 a painting in this sesthetic system
reflects primarily the wvariely and number of shapes in the painling and the
simplicity of the chape grammar used lo generate them [t is interesting to note
that lhere is an implicit bias in this aesthelic system agains! symmelric painlings.
The bias resulls because asymmelric paintings tend to have & larger variely and
more occurrences of shapes than symmetric paintings. Thus the shape and
occurrence tables of asymmetric pantings tend {o have more enlries than the

shape and occurrence tables of symmelric paintings and the 8 tend o be longer.
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The asesthetic values assigned to the interpratations given for Anamorphism | - v
are an expmple of lhis phenomenom.

A& {possibly unforiunsle) characteristic of the asesthelic system is tihal
aesthetic value is invariant under rotation of o painting. If a painting defined by 2
generative specification is turned, say, 30 degrees, this would be considered & new
painting by the aesthelic system This new painting would have a different §
{#hape, color, and occurrence tables) bul the new & would be of the same length as
the ( for the original painting, differing only in the values of various paramelers in
ihe occurrence tabla. The o {generative specification) of the new painting can be
obtained by rotaling the inilial shape and limiling shape of the original generalive
specificaticn 90 degrees. This o for the new painting would have the same length
as the original . So the interpretations for the lwo paintings would be assigned
the same aesthelic vslue in this aesthelic system

In theory, just about any generalive specificalion can be used 1o define a
painting with an interprelation assigned an arbitrarily high aesthetic value in this
aesthelic system by simply increasing the seleclion rule (and adding the
sporopriate painting rules). Increasing the seleclion rule increases the number of
levels generated by the shape grammar. This generally has the effect of greatly
increasing the lengths of the shape and occurrence tables of & but only minimally
increasing the length of a, the generative specificstion This does nol seem
desirable in the limil. Al some point, | get salurated observing & painting conlaining
a lremendous number of colored sreas. For example, if the areas of the painting

get very small (as they often do with & large selection rule), the areas seem to
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blur together and have the effect of forming texiures rather than distinct areas. Of
course, in practice, the program breaks down with a large selection rule. The most
complicated versions shown for Urform (Figure 33) and Ster (Figure 41} use the
full resources of the programs described in Section 3.1.2 in terms of slorage space,
::nfnpuiing time, and the spatis! resclution of the displays. The sesthetics program
currently works only for less complicated paintings as it needs more memory than
the shape generation and display programs. A remedy for the theoretical
unboundedness of aesthetic value wilh increasing selection rule might be lo modity
the evaluation function by taking inte account compuling lime (as discussed briefly
at the end of Section 3.2.3} or possibly by normalizing the aesthetic value in terms
of the number of shapes or shape edges in the painting or the required spatial
resalution. Or, the sesthetic system could be modified in theory to make it conform
wilh what now occurs in practice. Namely, absolule bounds could be put on
measures such as computation time, storage space for the lables of 3, or the
spatial resolution required to display the painting.

The resder may well disagree with the the sesthetic orderings made by the
program. (t should be re-emphasized thal 2 universally agreed upen aesthelic

system is neither expected nor desired Alternalive aesthelic systems for

\ paintings definable by generalive specificalions are discussed in the next seclion

The aesthelic system used does embody & ccoherent, well-defined aesthelic

\viswpainl that seems like a reasonable first approximation of my own
\

\

\
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329 Alternstive sesthelic systems for paintings definsble by generalive
specifications

The sesthelic system that has been presented is just one of many possible
aesthatic systems possible for paintings definable by generative specifications {(and,
of course, in generall.

The aesthetic sysiem presented is decidedly “shapist”. interpretations of
paintings are concerned mainly wilh shape. The batic component of 3 generalive
specification is a shape grammar. The aesthetic vaiue assigned 1o an interpretation
which refers to & painting is independent of the actual colors used in the paintinrg
If twe paintings differ only in the colors used, the sesthetic values assigned 1o their
respective interpretalions are equal.

Aesthelic viewpoints thal smphasize color {“colorist™ sesthelic viewpoints)
ars possible and, indeed, have actieved great popularity for non-representational,
geometric paintings in the recent past. *Colorist™ sesthatic systems for painlings
definable by generative specifications could take several forms. A “colorist”
aesthetic system couid be defined thal uses the same sot of interpreiations and
raferance decision slgorithm as the aesthetic system described bul thal hes a
different evaluation funclion The evaluation function could be based solely on the
colors specified As & very simple exampie, an aesthelic sysiem could be defined
with a decided preference for blue by having the aesthelic value assigned by the
evaluation function be directly propertional to the percentage of the canvas
painted in shades of blue. More interesting would be 1o define an aesthetic system

that deals with the internal coherence of paintings definable Dy generative
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specifications bul that uses a set of interpretations and algorithm 4 based on color
instead of shape. The a in an interpretation which refers to a painting could
specify the structure and interreistionships of the colors used in the painting in
terms of some color system. § in an interpretation which refers to a painting could
specify the occurrences of the different colors in the painting The :valuation

function E; could be used Cerlain combinations of colors would have simple

specificalions or generaling funclions o and it these occurred in & painting the
interpretation could be assigned high assthelic value. Randem {in the sense of
Koimogorov) combinalions of colors would have more lenglthy specifications or
generaling funclions (o} and their occurrence in 8 painting would necessarily result
in interprefalions assigned low aesthelic vaive

Aesthelic systems with interpretations that dea! with the external evocations
ol paintings are also possible. In sich aesthetic systems, the first parl of sach
interpretation that refers to & painling is & description of the painting. The second
part is & specification of whal is evcked by the painting This specification could
be in terms of images thal are evoked, such as faces. Or, the emotions that are
evored, 8§ by the colors, could be specified Anclher possibility is that the
second part of the interpretalion might specify the oplical or lhree-dimensional
perceplual effects of the painling A painling based on the reversible figure of
Section 1.5 might have an interpretation with high aesthetic valuz in 3 system like
this. Aesthelic systems wilh interpretalions that deal with the external evocations
of paintings are easy {o speculale about, bul il seems difficull to really specity

systems of this lype thal weuld reflect the interprelative conventions of peaople.
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One difficult problem is constructing the algorithm A which given the description of
the painting as input produces the tm!i;ﬁm of the painting as output. What
characierizes the area of & painting that & person sees as & face? What
characterizes paintings that svoke a particulsr emolion in & person or that
produces oplical or three-dimensional effects? Why do viewers often perceive
sexual or anatomical meaning in the painting Eve (Figure 30b)7 These are difficult
and weighty gqueslions for which there are now, al besl, only the vaguest of
answers. | do believe that the rigor imposed by altempling to wrile algorithms that
solve these problems can engender insights into the nature of these processes.

An intriguing possibility for &8 managable aesthelic system that deals wilth the
external evocations of paintings definable by generalive specifications is to single
out shapes that have & symbolic meaning in our culture. For example, the paintings
shown previously contain shapes such &s yin-yang symbois, crosses, and stars. A
list of some symbolic shapes and some description of their evciations {eg.
associations, meaning, attached emolions) would be made. The first part of an
interpretation which refers to & painting would be & description of the painting (eg.
& shape, color, and occurrence table). The algorithm A in the asesihelic system
would search through the descriplion for symbolic shapes. The second par! of an
interpretation {i.e. the output of the algorithm) would be the evocations of any
symbolic shapes found in the painting. If the evaiuation function E; were used,
interpretations which refer 1o paintings containing no symbolic shapes and hence no
avocalions would be assigned iowest aesthelic value. Interpretations of paintings

with shorl descriptions and lengthy evocations would be assigned high aesthelic
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value. This may or may nol be desirable. For example, 3 swaslika mighl have
lengthy evocations end hence lhe interpretation of & painting containing 2 swastika

might be assigned high aesthetic value by £;. Assigning fow (negative 7} aesthetic

value to interpretations of paintings containing shape symbols with displeasing
evocations would be possible with s different evaluation function

The aesthetic system described in Section 325 could be combined with the
aesthetic system just discussed using the previously mentioned methed of
composing an aesthetic system thal deals with internal coherence with an sesthetic
system that deals with external evocalions. The firet part of an interpretation in
this aesihelic system would be 2 generative specification The second part would
be the avnca:tiuni of symbolic shapes in the painling. The description of the
painting would occur internally in the algorithm A which would be the compesition
of the algorithms of the two original sesthetic systems. Using €5, high aesthetic
value would be assigned to interpretations of painlings with short generative

specifications and long evocations.
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3.2.10 Aesthetic systems and science

" . the concept of complexity might make it possible lo precisely
formulate the situstion that a scientist faces when he has mede
observalions and wishes to understand them and make
predictions. In order to do this the scienlist searches for &
theory that is in agreement wilh all hs cbservalions. We
consider his cbservalions 1o be represenied by & binary string,
and a theory to be & program that calcuisles this siring
Sciantists consider the simplest theory to be the best one, and
that if a3 theory is too "ad hoc', it is useless. How can we
formulate these intuitions about the scientific method in & precise
fashion® The simplicily of & theory is inversely proportional {o
the length of the program that constilules it. Thal is 1o say, the
pest program for understanding or predicting cbservations is the
shortest one thal reproduces whal the scienlis! has observed up
1o 1hat moment. Also, if the program has the same number of bils
as the observalions, then it is useless, because il is oo "ad hot'.
if & string of observations only has theories thatl are programs
with the samao length as the string cf observations, then the
observalions are randam, and can neither be comprehended ner
predicted. They are whal they are, and that is all; the sciontist
cannct have & theory in lhe proper sense of the concep!; he can
only show somecne else what he observed and say it was this"

"in summary, the value of a scientific theory is that il enables one
to compress many cbservations into few theorelical hypolheses
There is a theory only when the string of observations isn
random, that is 1o say, when ils compiexily is appreciably less
than ifs length in bits in this case, the scienlist can communicale
his observalions lo a colleague much more economically than by
just transmitling the string of cbservalions. He does this by
sending his colleague the program that is his theory, and this
program must have much fewer bils than the original string of
cbservations.”™ -- G Chaitin [1973]

Aesthetic systems are applcabie to the sciences as well as the arts
Aesthetic systems in science normally are concerned with internal coherence and

can be considered lo use the [ form of the reference decision aigorithm schems of

Figure 46. The objects to which interpretations refer are the phenomens under
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study. The sensory inpul transducer and linked algorithm of the reference decision
algorithm correspond to the dala collection mechanism The description of the
phenomens produced in the relerence decision algorithm schema is the data In an
interpretation <a3> which refers tc phenomens, § is the description of the
phenomens or the dala o is a specification of the underlying struclure of 5. n is
an encoding of the scientific laws or theory {and possibly some inilial conditions)
that specify/explain the dala The aigorithm A embodies the mathematical
conventions implicit in the theory. Given o as input, A produces £ as output.
Before preozeeding further, it should be restaled thal aesthelic systems are
designad lo model lhe logical properties of a parlicular viewpoin! and nal the
actual processes involved in using or applying & viewpoint The atlempt here is o
describe the logical components and their interrelationships in a scientific aesthelic
viewooint and not the actual process of doing science. Aesthelic syslems in

science frequently use the evalualion fusclion E; and associcled order 05

Interpretations which refer to the same phemomena have identical § (data! and

difterent « (scientific laws or theory). Applying the evaluation function £- 1o thess

interpretaticns, the shorter the lenglh of o, the higher the assigned sesthelic value.
The interpretation of phenomena which has the shortes! explanation is assigned the
highest aesthetic vaiue. This is simply a restalement of Occam’s razor or the law
of parsimony, the traditional evalustive criteria of science {cf. [Rossi 1966]L. This
formulation of aesthetic systems for scierce is in full accord with Chaitin's [1973]
discussion of the application of complexily theory to science queted in part above.
The everyday use of the words “beaulifui® and “elegant™ to describe mathematical
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systems and physica! laws is in this spiril == parsimonious specification of

seemingly complicaled phenomena

3211 An sesthelic system implicit in Meta-Dendral

As an example of aesthelic systems in science, the Meta-Dendral system
{Buchanan, el. al 1871} & program for automslic theory formation in mass-
specirometry, embodies implicitly an gesthelic sysiem “The mass-speciromeler is
an instrument which bombards molecules of & chemicsl sample with elecirons and
records the ~elative numbers of resulling charged fragmenis by mass .. Mass-
spoctromelry (MS) theory 15 a coliection of statements about the fragmentation
patterns of various iypes of molecules upon electron impact.™ The inpul tc the
Meta-Dendral program is & large number of sels of dats {fragmeni-mass tables)
and the associated (known} molecular structures.” The oulput of the Meta-Dendral
program is "A set of _ rules conslituling & subset of the theory of mass-
spectrometry.” (Quotes from [Buchanan et al. 1871]. Given a chemical sample,
the mass-specirometer reporis the fragment-mass tabie thal resuils from
bombarding the sample The Meta-Dendral program is given the fragment-mass
tables tha! are known {o resull from certain samples and outpuls an inferred sel of
rules for the mass-speciromelry process

Aesinetic systems could be formulated for mass-speciromelry in severdl

ways. The mos! appropriate formulation sl the level of Meta-Dendral is s follows:
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m in an interpretation is some list of rules for mass-speciromelry. The
algorithm A given the rules of u as inpul applies the rules 1o the known setl of
molecular slruclures and outpuls as  the fragment- mass tebies thal would result.

Thus for each interpretation <a 0> in the set 15, o is & list of MS rules and 5 is the

fragment-mass tables thal would result for the set of chemical molecular structures
according 1o the MS rules of = o is a theory; {§ is the predicted data. The 3 form
of the reference decision algorithm schema of Figure 46 is used S, the sensory
input ’-Irrnmdu:ar and associaled aigorithm is the mass-speciromeler ilselfl. The
description X (i.e. the oulput of S, the mass-spectrometer) is the aclusl fragment-
mass tables tha! are produced by the mass-specirometer for the chemical samples.
For an interpretation <o 0> 1o refer 1o the phenomens, B, the fragment-mass tables
oredicted by the rules of o, must be identical o 2, the fragmeni-mass tables that
actually are produced by the mass-spectrometer. So, each interpretation <a,0> in
the set of interpretations [, contains & possible MS theory (list of rules) as o and
the predicted data as 8 The inlerpretations which actually refer lo the mass-
speciromeiry dala are the interprelations in which §, the predicted dats, is
identical te A, the aclual data

There may be many interpretations in I, which refer te the phenomens, La
there may be many theories which predict the actual data The evaluation function
E; assigns high aesthelic value to interpretations with short o and long 5. All
interpretlalions which refer to the phenomena in this aesthetic system have
identical § bul different . Thus, among the interpretlations which refer to {account

for) the phenomena, E; assigns highest aesthetic value to the interpretation with
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the shortest o (shorlest MS rules). Meta-Dendral actually does use an evalustion
function simiiar o E; to choose among alternative theories that predict the dats
[Buchanan et. al. 1571}

The sesthetic system does nol indicate the precise algorithms used by Meta-
Dendral. Rather, it provides & logicai framework in which the task of Meta-Dendral
can be undersiood

The Meta-Dendral problem can be restated as: Find a list of MS rules that
predicts the fragment-mass tables that aclually occurred. If there are more than
one such lists of rules, find the simplest. Or, in aesthelic system terms: Find an a
that produces & § which is identicsl to the description A constructed in the
reference decision algorithm |f there are more than one, find the simplest such a.
This problem, a common one in science, is 3 special case of the general problem of

analysis, which is investigeled in the naxt section
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3.2.12 Aesthetic systems and analysis

An analysis problem arises when we try to understand an existing object as &
work of arl. The problem of analyzing an object in {erms of a particular sesthatic
viewpoint can be slaled precisely using aesthelic systems : given an object and an
aesthelic system <i REOD>, find an interpretation in [, which refers, using the
reference decision aigorithm R, 1o the object and which is assigned an aesthetic
value by the evaluation funclion E which is maxims! in the sense of the order O
This inlerpretation indicates the best! weay to understand the object from the
assthetic viewpoint specified by the aesthetic system

Notice that this problem is different than the problem for which the computer
program was desighed The program is given o (& generalive specification) and
atked 1o {1} use the aigorithm A 1o construct the corresponding B, (2) evaluate
this interpretation <a 8> and (3} construct an object (ie. display & painting) to
which the interpretalion refers. In the snalysis problem, we are given an object
and asked to find an interpretalion with high aesthetic value and which refers to
the object. The analysis problem is considerably more difficult, as we shall sea
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32121 The analysis problem for aesthetic systems in general

The analysis problem for & given object and sesthelic system is to find an
interpretation which refers lo the objesl and which is assigned highest aesihetic
value.

For a given-aesthetic system and & given object, there is some {possibly
empty) subset of the set of interpretations I, which contains exactly the
interpretations which refer lo the object. The computabilily of this subset
depends on the nature of the algorithm A and the reference decision algorithm R, if
the algorithms A and R eventually must hait for svery input, then the subset of

interpretations which refer to an cbject {and the sel 1.} is recursive. If the

sigorithms A and R need not hall for some inpuls, then the subset of

interpretations which refer 1o an object (and the set 1) is only recursively

enumerable. This latter case would make an anslysis procedure much mere difficult
toc implement as it would mean there would be no effective way of testing whether
an interpretation refers 1o an object or even whelher a pair of symbol sirings is an
interpretation in I;. A more extensive discussion of the analysis problem from &
computability point of view will be given in [Stiny, in preparation].

Theorelically, an snalysis procedure is required to find the interpretation
assigned highest aesthelic value which refers to the object. For an arbitrary
evaluation funclion in an arbilrary sesthelic system, this is not slways possible
One possible problem is that the subset of interpretations which refer io an object

can be infinile. A possible practical solution to this problem is 1o set a3 threshold
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and seltlie for any interpretation which refers to the object and is assigned
sesthelic value above the threshold For aesthelic systems using the evaluation
funclion E; and containing interpretations with o and 8 defined over binary

siphabels, a natural threshold might be | (see Section 3.24). A problem with this
criteria is thal an object might have an infinile number of interpretations which
refer to it, none of which are assigned sesthelic value above the thrashold, A
beller solulion might be 1o only consider a finite subset of the set of
interprelations and {o choose Lhe interpretation in thal subset that rafers 1o the
object and is assigned highest aesthelic value. For example, only those
interprelalions where the length of sach component is less than some very high,
but fixed, value {i.e, L{o)<c and L(Bl<c } might be considered.

An analysis procedure could have the structure of the follewing schema:

Step 1: Select a new interpretation

Step 2: Doces the interpretation refer to the object? if no, go to
Step &

Step 3: Compute the aesthetic value for the interpretation

Step 4: Is the computed aesthetic value the highes! yet
compuled? If yes, save the interpretation and value

Step 5. Hait? If yes, outpul the most recently saved
interpretation and terminate. If no, go to Step 1.
The first four steps in this schema could be constructed using the four components
of an aesthetic system In Step 1 the cet of interprelations is used, in Step 2 the

reference decision slgorithm, in Step 3 the evaluation function, and in Step 4 the
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order. Of courss, if the algorithms A and R might not terminate some aliowance
must be made for aborting a particular loop through the procedure sc & new o can
be tried

The important part of an analysis procedurs of ihis lype is the first
component, the procedure for selecling a new 5. The selection procedure could be
& simple enumerative scheme, but it would be much more elficient it the o were
salected intelligently. Ideally, of course, the very first o selected would resull in
an interpretation which refers to the object and which is assigned highest possidie
aesthetic value and the program would know this and lerminate immediately. This
is usually infeasible. The sensory inpul transducer and parts of the reference
decision algorithm could be stlached direclly to the selection procedure. it would
be nice if the selection procedure reacled to the aesthelic values assigned
previous interpretalions and honed in on the interpretstion assigned maximal
aesthelic value. Uss of {his lype of analysis procedure can be considered a search
through & space of interprelations with a goaf of finding the interpretalion which
refers 10 the objecl and which is assigned highest aesthetic value. The key is lo
have an intelligent selection procedure which makes extensive use of problem-
specific knowledge (¢!. [Feigenbaum el al. 1971}

An analysis procedurs with the structure of the sbove schema is applicable to
any lype of sesthelic system If some resiriclions are put on the struchive of
components of an aesthelic system, the analysis problem somelimes is simpliticu.
particular, the analysis problem is simplified if the reference decision algorithm

adheres o 1he reference decision algorithm schema of Figure 46.
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3.2122 The analysis problem for sesthelic systems wilth the o form of the
reference decision algorilhm schems

The analysis probiem is lrivial for an aesthelic system wilh & reference

decision algorithm schema adhering to the x form of the schema in Figure 46. In

this type of aesthelic system, only one interpretation can refer {c a given object.

This interpretation is <a > = <3 A(X)>, where A is the description of the object

given internally in R

3.2.123 The analysis problem for aesthelic sysiems with the § form of the
reference decision algorithm

The analysis problem is extremely interesting for aesthelic systems with
reference decision algorithms a:ﬁ'nereirn; to the 3 form of the reference decision
algorithm schema of Figure 46. In & reference decision algorithm of this lype, the
description % of an object is produced internally by the sigorithm linked to the
sensory inpul transducer. By definition, this description is identical to the § of any
interpretation <a > which refers 10 the object. in s given sesthelic system of this
type, thera may be any number of interprelations which refer to a particular
object, but all such interpretations must have identical §.

An analysis procedure for an aesthetic system of this typpe could have the

siructure of the following schema:
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Step 1: Obtain the description A of the object.

Step 2: Find & new sequence a that whan used as input to the
algorithm A produces X as output.

Step 3: Compute the sesthelic value of the interpretation <a,A>.

Step 4: Is the computed aesthelic value the highesl yel
computed® |f yes, save the interprelation and value.

Step 5: Hait? If yes, output the most recently saved
interpretation and terminate. If no, go to Step 2

First, the sensory inpul iransducer and linked algorithm of the reference
decision algorithm are used to obtain the descriplion of the object. The next siep
is the interesting parl of this procedure The obtained description must, by
definition, be identice! to the 8 of any interpretation which refers to the cubject.
Se, {8 is knowrs the problem is to find the possible a. Again, & zossible cutput £ of
the sigorithm A is known; the problem is to find & possible input a that would
produce that oulput. The construclion of tha second step of the analysis
procedure involves the construction of the inverse of the algorithm A,

The problem of finding the inverse of an algorithm is of interest in ils own
right. McCarthy [1956] has investigaled enumerstive lechniques for the inversion
of the partial function defined by a Turing machine. Al the simplest level, this
consisis of enumerating all possible tapes that can be formed using the input
vocabulary, using sach of these as input to the Turing machine 1o be inverted, and
determining which of these input tapes produces the given osutput tape. The
problem is thal any individus! computation might not terminate (i.e the Turing
machine defines a parlial function). To remedy this, McCarthy proposes various
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criteria for interieaving the compulaticns. Upon invesligating this problem, it
became apparent that enumerating over all possible input tapes is unnecessary. A
method was developed for beginning wilth an oulpul lape and iracing backwards
through the possible computations of the Turing machine to be inverted to obiain
the possibie inpul tapes. This method lakes the form of & simple construction for
obtaining a (non-deterministic} inverse Turing machine for any given Turing machine.
Details of this construction are given in [Gips 1873] which is included as an
appendix 1o this dissertation Given an algorithm A {in the form of a Turing
mechine} the inverse algorithm A’ can be constructed Given § as input, A' outputs
ali possible o that could be used as input to A to produce 8. That is, A0) = x iff
Afa) = 8,

After an interpretalion which refers to the object is constructed, it is
evaluated using the aesthelic evaluation function E and this value is compared o
the highast aesthetic value assigned previously. If it compares favourably, the new
interpretation and its aesthelic value are saved The process is repeated until
some terminstion criteria are mel.

ideally, the firs! inlerpretation constructed for the object would be
guaranteed to be asssigned highest possible aesthetic value. This is possible for
ceriain evaluation funclions and not peossible for others. A procedure for obtaining
inpul o from output 0 (based on either of the techniques discussed) can ba
designed so that the first o produced has cerlain properties. For example, it could
be guaranteed thal the first o produced is the input to the algorithm A that
produces § in the fewes! steps (ie. in the shortest time). This would automatically
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produce an interpretation which would maximize an evaluation funclion that assigns
sesthetic value inversely proportional to the amount of lime required to get § from
a using A. Similarly, it could be guaranteed that the first o produced is the input
to the algorithm A that reguires the least sxirs memory (i.e. squares on the lape)
to produce £. This would automatically produce an interpretalion which would
maximize an evaluation function that assigns aesthetic valus nversely proportional
to lhe amount of extra memory required lo gel § from = using A. These two
evaluation funclions correspond lo the traditional time and space complexily
measures defined for Turing machines [Hopcroft and Wiman 1968} These
avaluation functions are defined in lerms of the computational resources required
to get (3 from & using A Unfortunalely, there is no way of automatically finding an
interpratation <a > guarantees to maximize the evaluation function E;. Given an
algorithm {that might not terminate) and an output, it is not always possible to find
s sequence guaranteed tc be the shortest inpul 1o the algorithm that would
produce the mﬂmﬂ The equivalent problem, which is also in general unsolvable, is
given a non-deterministic algorithm and an input, find the shortest output. (If this
problem were solvable, the construction in the Appendix could be used to solve
the previous problem). The difficulty is that the shoriest outpul might take an
arbitrarily jong amount of time lo compute and mighl require an arbilrarily large
amount of lemporary memory.

There is & guaranteed solution for the analysis problem for aesthetic systems
of this type ii the evaluation function is based on the amount of lime or memory
required in the computation of § from o using A. If an evaluation function such as

E7 is used, there is, in genera), no guaranteed soiution Heuristics must be used
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32124 The analysis problem for the aesthetic system for paintings definable
using generative specifications

The analysis problem for the aesthelic system described in Section 3.25 for
paintings definable by generalive specificalions is a special case of the problem
just discussed The preblem is given 2 painting, find the shorlest possible
generative specification for the painting. From personal experience, this is &
difficult problem For example, the painting Anamorphism | {see Figure 49) was
first generaled using the generative specification shown in Figure 55 Only after
repeated use of the painting was it reslized that the shorter generative
specification of Figure 50 wlso could be used The length of the generative
specification of Figure 55 {ie. L{a) ) is 45 and the aesthelic value assigned the
interpretation containing this generative specification is 5.64. This compares with a
length of 41 and an sesthelic value of 620 using the generalive specification of
Figure 50. The difference is accounted for by the different terminal shapes: an "L™
{which is composed of six siraight lines) in the generative specificalion of Figure
S5 versus a rectangle in the generative specification of Figure S0. The § (shape,
color, and occurrence tabies) produced by the fwo generative specifications are of
course identical. This again illustrates thal evaluation depends on interpretatlion,
or, more specifically, that it is inlerpretations thal aclually are evaluated Cf
course, it could be said that the highest aesthelic value found by an analysis
procedure for an interpetalion which refers to an object is the aesthelic value
assigned 1o the object by the analysis procedure.

The problem of finding a generative specification for a painling is essentially
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2086

the problem of finding & shape grammar {hal generates the shapes that appear in
the painting. In this sense, the problem is a version of the grammatical inference
problem [Feldman el. al. 1963] [Biermann and Feldman 1972] [Feldman 1572] but
for shape grammars instead of phrase structure grammars. Evans [1871] has
written a program that infers & type of picture description grammar (see Seclion
1.B.3) given a set of descriptions of input pictures. Because the evaluation

function E; is used in the aesthelic system, the problem is generally 1o find the

shortes! possible shape grammar thal generales Ine shapes in the painting,

Finally, it should be noted that if the full range of shape grammars is allowed
rather than the resiricted type thal can be defined using the computer program
{see Seclion 3.2.1), then a generslive specificalion can be trivially constructed for
any painling. The shape grammar in such 2 generalive specificalion would have one
shape rule for each color {excep! the background) used in the painting. In the
generation of the shape in the painting, each rule in lhe shape grammar is applied
exactly once and results in the addition of all the shapes painted a particular color.
This shape grammar would lake into account none of the shape redundancy in the
painting. A generative specification of this {ype would be reislively long and
therefor the interpretalion which includes this generalive specification would be
assigned minimal aesthelic value by E;. The shape, color, and occurrence tables
thal describe a painting that has no generalive specificalion shorfer than a trivial
generalive specification of this lype can be considered random in the sense used in
Section 3.2.4.

in the analysis of paintings in terms of interpretations contairing the full range
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of generative specifications, it is easy to construe! an interpretalion which refers
to the painting and which is assigned minimal aesthelic value. It is difficuit 1o find
the interprelation which refers to the painting and which is assigned highest

aesthelic valve by E».

3.2.13 Aesihelic systems and synthesis

A synthesis problem grises when we Ury lo produce & new work of art. The
syrthesis probiem for an aesthetic system is symmetric to the analysis problem and

can be stated precisely : given = aesthetic system <I,, >, consiruct an object
for which thasz s an interpretation in [, that refers, using the reference decision

algorithm R, 1o the object and that is assigned aesthelic value by E that is maximal
in the sense of the order 0. The synihesis problem for aesthetlic sysiems
containing subsets of the sel of interpretations in the aesthelic system described in
Section 3.25 is be investigated here. A more gunﬁrai discussion of synthesis and
aesthetic systems will appear in {Stiny and Gips 1974}

Suppose some consiraints are put on aliowable penerative specifications. For
example, the basic shape {see Section 3.1.2.1) might be required 1o be a reclangle,
the rule shape might be required to consist of two instances of the basic shape,
the initial shape migh! be required to consist of one instance of the basic shape,
and the seleclion rule migh! be requred lo bn- 3. The problem is to find anc

display & painting with an interpretation that is assigned maximal sesthelic value
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and thal contains a generative specification with some given constraints. The set
of interpretations containing generative specifications with some such constraints
forms a subsel of the set of intarpretations in the sesthelic system of Section
3.25. This reduced set of inlerpretations together with the reference decision
algorithm, the evaluation funclien (E7), and the order {O;) of the original aesthetic

syslem can be considered 1o form a new sesthelic system The problem of
interest is the synthesis problem for such reduced aesthetic systams.

This l‘é?ablam can be divided inlo two parts. The first part is 1o find &
gencrative specificalion with the given constraints which is part of an
interpretation that is assigned highest possible sesthelic value. This can be
considered the design problem for the aesthelic system One possible approach lo
writing programs that perform this part of the synthesis problem is discussed in the
next section The second part is lo actually construct and display the painting
specified by the generative specification Programs that perform this part of the
synthesis problem are described in Section 3.1.2.
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3.2.14 Design as search

“All art presupposes s work of selection .. To proceed by
elimination - lo know how o discard, as the gambler says, 1hat is
the great ltechnique of selection And here agsin we find the
;Bair:h for the One out of the Many™ -- Siravinsky {1947, p.

A design program for paintings definable by generative specificalions could be
iormulaled as & search through a space of generative specifications. The goa! of
ihe search would be 1o find a generative specificalion from some restricted class
1hat defines a painting that has an interpretation assigned maximal aesthelic value.

The space te be searched can be defined in terms of & subset of the
generative specificalions that are definable using the program and & coliection of
operators. Each point in the space is & generative specificalion The operators
transform one generative specificalion inlo another and thereby allow transitions
pelween poinls in the space. The natural set of operalors to use are the user
commands for changing the terminal, rule, and inilial shapes of the gencralive
specification as described in Figure 35. A space of this type can be regarded as &
state space [Nilsson 1871] for the design problem and can be convenientiy
represented as & directed graph The nodes in the graph represent generalive
specifications. Arcs between nodes indicale aliowable transilions using the
operators.

A simple example of a space of generalive specifications is shown in Figure

56. The space is compased of sixieen generative specifications and two operalors.

The nodes labelied N1 - NE represent ihe generative specifications for
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Figure 56. Space of sixteen generative specifications which
contains generative speciffcations for Anamorphism I - VI.



211

Anamorphism | = VI shown in Figures 50 and 51. The other ten nodes represent
variations of these generstive specifications. The nodes lsbelied Ni' - N&'
represent generative specifications that specify paintings that are mirror images of
Anamorphism | - V. The nodes iabelled NS’ - N5™ and NB&' - N&™ represent
alternative generative specificalions for Anamorphism V and Anamorphism Vi
raspeclively. The space thus conlains sixteen points representing sixieen
generative speciﬂ;:atiam that specily ten distinct paintings. In this example, there
asre savere consiraints on allowsble generative specificalions. The sixieen
generative specifications differ only in the iocations of the markers in the right side
of the first rde of the shape grammar (cf. Figure 51), ie. the computer
representations of the generative specifications differ only in the values of the 6
and m parameters of the rule shapes (see Section 3.1.2.1). The two operators are
turn (1) and inverl {i), as defined in Figure 35 for the rule shapes The arcs
between lhe nodes in the figure show ihe transilions defined by applying the
operators. The effect of applying 1; o a generative specification is to rolale
(turn) the first (left) shape of the rule shape 1BO degrees (cf. the rule shape in
Figure 36). Applying 15 rotates the second {right) shape of the rule shape 180
degrees. Applying iy inverts the first shape of the rule shape. Applying i inveris
the second shape of the rule shape. The eifects of these operalors can best be
ssen by comparing the transitions in the space belween points NI - N6 with the
shape rules for Anamorphism | - Vi in Figures 50 and 51.

The space could be expanded (ie. the constraints could be weakened) Dy

allowing more of the commands for changing the terminal, rule, and inilial shapes
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specified in Figure 38 lo be used as operalers. For example, using the commmand
turn 90 degrees as an cperator instead of turn 180 degrees would double the size
of the space. |f operators were allowed for x and y transiation of the rule shapes,
the size of lhe space could be increased by 2 factor of thousands Successively
larger spaces could be obtained by allowing operators to change the scale of the
rule shapes, 1o add or delete rule shapes, and finally to siter the terminal and initial
shapes as weil. |f il the commands wers allowed as opersiors, the space would
contain all of the generative specifications definable using the program

Spaces of generative specifications defined in this manner can be exiremely
large. Much computation time can be required lo evaiuale & given node
{generative specification} in such & space Becouse of 1his, exhauslive search
through such spaces is not only undesirable but usually infeasible. The spplication
of heuristics {o guide lhe search is & possible remedy to this difficuity. Two types
of heuristics would be helpful. Heuristics of lhe first lype would restrict the
number of nodes visiled in the search, thereby preciuding exhaustive enumeration
Good heuristics of this lype would direct the search so that most visiled points are
associated with generative specifications likely to be solutions to the design
problem Heuristics of the second type would limit the amount of computatien at
visited nodes. Good heuristics of ihis lype would halt compulation al & visited
node as soon as il became apparent that ihe generalive specificalion associated
with the node was unlikely o yield & solulion lo the design problem. Where
heuristics can greatly reduce the amouni of computation required for the search

procedure to identify & solution to the design problem, the danger exisls that the
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heuristics may be inappropriste and may resull in the search missing the best

solutions.

A design procedure based on & heuristic search of & space of generative

specifications could have the structure of the following schema:

Step 1:
Step 2:

Step 3:
511;‘.& &;

Step 5:

Step &:
Step 7:

Step B:

Select 3 new peneralive specification

Is this generative specification & suitable candidate? [
no, go to Step 8.

Generale the shapes to be painted

is it worthwhile fo continue with this generative
specification® If no, go 1o Step &

Construc! the shape, color and ofcurrence lables
associated wilh this generative specification

Compute the sesthelic value of Ihis interpretation

Is the computed sasthetic value the highes! yel
computed? [f yas, save the interpretation and value

Halt? If yes, culpul the mesl recenlly saved generalive
specification and terminate. If no, go 1o Step 1.

in the first step of this schema, a new generalive specificalion 1o be

investigated is selected This seleclion procedure could be based on & depth-first

search procedure, a breadih-first procedure, elc. [Nilsson [971] combined with

heuristics of the lirst type just described Or, the selection procedure could be

based on hill-climbing methods, e.g the next generative specification is constructed

by applying operstors to the best generative specification found yet. The

operators should be chosen heuristically to altempt to correct any identifiable
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defecls in thal generalive specification Hopefully, the selection procedure would
be intelligent enough lo avoid regions of the space especislly sparse in good
generative specifications. Al least the procedure should avoid regions of the
spoce, eg the bottom row of the space in Figure 33, containing generative
specifications which produce duplicates or mirror images of the paintings specified
by other generative specifications.

Once & new generative specification is selecled, heurislics of the second type
would be used to determine whelher the generslive specification is a likely
candidate. For example, if the generative specification obviously specifies a
symmetric painting, it might be skipped as symmelric paintings tend toc have
interpretations assigned lower aesthelic value (see Section 3.2.9). It is expensive
computationally to generate a painling from a generative specification it is best to
eliminate generative specifications with poor prospects as early as possible.

if the generative specification passes the inilial {ests, the shape grammar of
the generative specification is used to generale the line drawing of the shapes to
be painted. Once the line drawing is generaled, new heurislics are used to
estimate the aesthelic value that would be assigned. A crude estimate of the
jength of § might be the number of lines that have been generated The generated
line drawing might be required to be asymmelric to be investigated further. Again,
investigating a node fully is expensive and the space is large. Al each successive
stage, more is known about the painting specified by the generative specification st
the node. Nodes that have poor prospecis of having high evaluatlions should be

eliminated as soon as possible
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It the line drawing passes these tesls, { (the shape color, and occurrance
tables) is constructed and the interpretation is eve'uated If the assigned sesthetic
value is the highest yel, 1he generative specification and aesthetic value are sgved
The output of the design procedure is the best generative specification found
This generative specificalion can then be used to generate and display a painting
using the programs described in Seclion 3.1.2

A crude design procedure that would search through reiatively small spaces
could be implemented fairly easily given the programs thal exist already. This
would enable different search techniques and heuristics 1o be tried experimentally.

Research in the immediate fulure will be focused on automating the synthesis
of painlings defined using generative specifications. A synthesis program would
automatically construct and display & new painting which, given the consiraints on
sllowabie generative specificalions, is guaranleed 1o have an interprstation
assigned highest possible aesthetic vaiue relative to the specified sesthetic

system



APPENDIX: A CONSTRUCTION FOR THE INVERSE OF A TURING MACHINE
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[The problem of finding the inverse of an algorithm arose in
connection with the anslysis problem for a certain type of
aesthelic system {see Seclion 32123). A general and relatively
efficient solution to this problem is described below. This
appendix criginally appeared as a Stanford Computer Science
Report [Gips 1973] Since this work was completed and the
repor! appeared, | have learned that & similar construclion
technique was used by Fischer [1965] in proofs about classes of
resiricied types of Turing machines with multiple tapes. Bennett
[1973] lias recently reported interesting resulls on the related

problem of the logical reversibility of computation}

Problem

Given Turing machine M that for input tape 1 produces oculput lape O, ie
M1} = O, construct an inverse Turing machine M such that M(O) = |. M should
be non-deterministic so that the set of output tapes of M’ given O is exactly the
se! of all possible input tapes to M that would produce 0.

McCarthy [1558] has investigated enumerslive techniques for the inversion of
the patal funclion defined by & Turing machine. In this paper, & simple method for

the direct construction of M’ given M is presented
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Conventions

The Turing machine conventions used are basically those of [Minsky 1967]
A Turing machine is a set of quintuples of the form {old-stale, symbol-scanned,

new-state, symbol-written, direction) or (g, $;, Qs 5 O The stales are q;, Qx -
Q..;» halt, with q, the initial stale. The lape symbols are s, 53 . S, The
directions are left, right, and ™ - = Each quintuple is of one of three types:

{H {qg. Spe Q) S left) interpreted as "if in state q and scan

symbol s, then enter state g, write symbol s,, and move
tape head left”

{2} {qa. Sre Ty S right) interpreled as "if in slate % and scan
symbol 3,, then enter stale q i write symbo! s, and move
tape head right”

(3 {q, sy hall, 5, - } interpreted as "il in stale g, and scan
symbol s,, then write symbol s, snd halt in place”.

An output tape of & Turing machine is 2 tape that exists after 3 quintuple of type
3 is applied

Construction algorithm

Given Turing machine M with m tape symbols, n states, and p quintuples, a new
Turing machine M’ with m lape symbols, 2n states, and 2p+c quintuples, where ¢ is
the number of quintuples of M with the initia! state as the first eiement, is

constructed. The tape symbols of M’ are the same as the tape symbols of M. If
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the states of M are q;, Gy - G..; hail, the states of M" are begin, g, q,", a7 ;"
e Tty Gy e hail. The initial stale of M is begin |

For each quntuple in M {wo quintuples are added o M’ as follows:

{1} For each gquintuple (Q,, S, Q; % left) of type 1 in M the
quintuples {q;', 5., ;" 8y, right} and (g i1 Be Qg By left)
are added 1o M,

(2 For each quintuple (g, Sy Q;. 5, right} of type 2 in M the
quintuples {q,", 5,, 4, &, right) and (q;", s, 4", s, lett)
are added to M'.

(3) For each quintuple (q, &, halt, 5, - ) of lype 3 in M, the

quintuples (begin, s,, ., %, right} and {begin, 5, q;", sy,
lefl) are added o M.

Additionally, one quintuple is added 1o M’ for each quinluple in M that contains
.

the initial state, g, as its first element {cid-state) as follows:

(1} For each quintuple (q,, 5, q;, 3, left} of type 1 in M, where
q, is the initial slate, the guintupie {qj', S, hall, 5, - ) is
added 1o M’

(2} For oach quintuple (g, 3, Q; %, righti of lype 2 in M,
where q, is the initia! stale, the quintuple {qj“. s,, halt, s,
= } is added to M".

{3} For each quintuple (q,, s, hall, 5., ~ } of lypa 3 in M, where
4, is the inilial slale, the quintuple (begin, 5, halt, s, - ) is
added 1o M.
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Descriplion

The quintuples of M are consiructed by transposing the cold-state and
symbol-scanned of each quintuple of M with the new-state and symbol-written of
that quiniuple so that M’ reverses the possible computalions of M.

In the first parl of the construction, the naw-st}ate and symbol-writlen of each
quintuple of M becomes the cid-stale and symbol-scanned of two new gquintuples
ef M. |f the new-state of the guniuple of l.jl i35 halt, the old-state of the
quintuples of M is begin If the direclion of the guintuple of M is left, the
old-stale of the quintupies of M is primed; if the direction is right, the old-state is
double primed The old-stale ang symbol-scanned ‘?' each guintuple of M becomes
the new-state and symbol-written of the two added] quintuples of M' In one of
the new quinfuples of M’ the direction 15 right and'!he new-slale is primed; in {he
cther the direction is left and the new-slale is deuble primed Informally, M’
conlinually looks to the left and io the right to determine whal quintuples of M
couid have been applied to resull in the current slate snd tape configuration The
primes of the state of M keeps track of which direction M is currently locking.

In the second part of the construclion, & quinlupie with hall as the new-slale
is added o M for each guintuple of M with the inlial stale as the oid-slale.
Again, the new-state and symbol-wniten of the guniuple of M becomes the
pld-state and symbol-scanned of the quiniuple of M. if the new-state of the
quintupie of M is hail, the old-state of the quintuple of M is begin |f the direction

of the quintuple of M is left, the old-state of the gquintuple of M iz primed; f the
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direction is righl, the old-stale is double primed The symbol-scanned of the
quintuple of M becomes the symbol-writlen of the quintuple of M'. Informally, an
output lape of M’ is produced a! each point tha! M could have begun a
computation

M' is designed to trace backwards through ali possible computations of M that
couid result in output lape O Each computation of M has the same length as the
corresponding computation of M Further, the sequence of tape conligurations for
each compulalion of M is identics! to the reverse of the sequence of lape
configurations for the corresponding computation of M, except for the locations of
the tape heads. The sequence of stales for each computation of M is eguivalent
to the reverse of the sequence of stales for the corresponding computation of M
except for the first state of each sequence (which is always the initisl state) and

the final slale o! each sequence (which is always hait) if slales g’ and q¢." in M’

are considered equivalent to stale q  inMfor ] < x = n-L.

Remarks

In genufrai. the construction method does not resuit in quintuples in M for
every possible circumstance (e, every possible old-stale : symboi-scanned pair).
Some of the computations of M’ may run inlo 8 dead-end, a silualion where no
quintuple is applicable. If an inverse machine M’ does run inlo & dead-end, it

simply means thal W' is not retracing & computation that could have been done by
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machine M. |f dead-ends aré displeasing then guintuples can be added to M for
every siate : symbol pair nol occurring as an old-stale : symbol-scanned pair in M".
The new-siale of these added quintuples would be an extra state that if entered
results in M' looping forever. For praclical use of lthe consiruction, dead-ends
seem desirable as their use would incresse the efficiency of & serial, deterministic
encoding of M.

Some of the computations of M’ may not terminate. Recall that the goa! for the
construclion is that the set of all oulput tapes of M {i.e all tapes that exist after
M' enters the halt state) for input tape O is exaclly the sel of possible input tapes
for M that would result in O as an oulput tape.

Example

As & simple example, censider Turing machine M, with four tape symbols: X, E,
0, and b, where b is the symboi for "blank™ three states: q,, g, and halt, where

q, is the initial state; and four quintupies:

{ﬁ" x- q:. b. ﬁih:;
{ax X, g, b, right}
{qli 'b' hﬂtl Ej o }

{Qs b, halt, 0, = )

M, is & Turing machine thal calculates the parily of the siring of X's extending 1o
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the right of the initial position of the tape head, erases the X's, and writes E if the

parity is even and O if the parily is odd

Sample input lape for My:
.. BbBLXXXXXbb ...
*
Resulling outpul tape:

bbbbbbbOb ...
T

The inverse Turing machine, M., has the same four tape symbols; six sltales:

begin, q; ;™ Qs Q' and halt; and ten quintuples:

{a,", b, q;", X, right} from the first quintuple of M,
{g;" b, g, X, lett} from the first quintuple of M,
(q,", b, a; X, right) from the second quintuple of M,
{gq,", b, a;", X, left} from the second quintuple of M,
{begin, E, q,, b, righl} from 1he third gquintuple of M,
(begin, E, ;" b, lelt) from the third quintuple of M,
{begin, O, q; b, right} {from the fourth quintuple of M,
{begin, 0, q;" b, left} from the fourth quintuple of M,
{q," b, hait, X, =) from the first quintuple of M,

(begin, E, hall, b, = } from the third quintuple of M,.
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The first eight quintuples resull from adding iwe gquintuples to M," for each
quintuple in M,. The final two guintuples resull from adding one quintuple to M,

for each quintupie in M, with the inilial state as its first element.

Sample input lape for M,"

.. bbbbbbbOob ...
T

Resulting outpul lapes:
.. bbbbbbEXbBDbL ...

1|.

bbbbXXXbb.
f

e BB XXX XXDbb ...
T

alc.

Applications

Where this investigation was molivated by & problem in a formal system for
aesthetics, the conslruction seems widely applicable, e.g. in the theory of automatic
programming. If M is & universal Turing machine then M' produces the possibie
input tapes and (specificalions of) Turing machines that could produce & given
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output tape. In particular, the consiruction can be used to cblein o Turing machine
that produces (specifications of) ail the possible Turing machines for & particuler

set of input tape : output tape pairs.



227

Anderson, R, “Syntax-directed recognition of handprinled two-dimensional
mathematics™ in M. Xierer and J. Reinfelds (eds), Interaclive Sysiems for
Experimental Applied Mathemalics, Academic Press, New York, 1968,

Arnheim, R Arl and Visual Perceplion, University of Californis Press, Berkeley,
1954

Arnheim, R, Visual Thinking, Universily of Californis Press, Berkeley, 1969
Arnheim, R, Entropy and Art, Universily of California Press, Berkeley, 197},

Beumgart, B, "Winged edge polyhedron representstion”, Stanford Computer Sciance
Report 320, October 1972

Beardsiey, M, Aesthelics, Harcourt Brace & World, New York, 1958,

Bennetl, C, "Logical reversibility of compulation”, IBM Journal of Research and
Development, November 1973, pp. 525-532

Biermann, A. and J. Feldman, "A survey of resulls in grammatical inference”, in .
Watanabe (ed), Frontiers in Pallern Recognition, Academic Press, New
York, 1972

Birkhotf, GO, Aesthetic Measurs, Harvarg University Press, Cambridge, Mass. 1833,

Bium, M. and C. Hewitt, "Automats on & two-dimensiona! tape”, Bth IEEE Symposium
on Switching and Automata Theory, 1567, pp. 155-160.

Brainerd, W, "Tree generating regular systems”, information and Control, Vel. 14,
1569, pp. 217-231.

Buchanan, B, £ Feigenbsum, and J. Lederberg, "A heuristic programming sludy of
theory formalion in science”, Proceedings of the Second Internationa! Joint
Conference on Artificial Intelligence, London, 1871.

Chaitin, G, "0On the difficully of computalions”, IEEE Transactions on Information
Theory, Vel. iT=18, 1970, pp. 5-%

Chaitin, G, "Some philesophica! implications of information-theoretic computiational
complexily”, SIGACT News, April 1873 Excerpled from "information-
theoretic limits of formal systems®, Courant Institute Computational
Complexity Sympaosium, New Yerk, October 1571,



228
Chang, 5.-K,, "A method for the siructural snalysis of two-dimensional mathematical
expressions”, Information Sciences, Vol. 2, 1970, pp. 253-272

Chang, 5.-K, “Piclure processing grammar and its applications”, Information
Sciences, Vol. 3, 1971, pp. 121-148.

Chomsky, N, "Three models for the descriplion of language™, IRE. Transactions on
information Theory, September | 556

Chomsky, N, Syntactic Structures, Meuton & Co, The Hague, 1857,

Ciowes, M, “Pictorial relationships - & synlaclic epproach”, in B, Meltzer and D
Michie {eds.), Machine Intelligence 4, Universily Press, Edinburgh, 13968

Dacey, M, “The syntex of & triangle and some other figures”, Pattern Recognition,
Vol. 2, Jan. 1970, pp. 11-31.

Dacey, M, “POLY: s two-dimensicnal language for a class of polygons”, Patlern
Recognition, Vol. 3, July 15871, pp. 157-208

Duda, R and P. Hart, Pattern Classificalion and Scene Analysis, Wiley, 1873.

Eastman, C. and C. Yessios, "An elficient algorithm for finding the unicn, inlersection,
and differences of spalial domains™, Computer Science Repori, Carnegie-
Mellon University, September 1972,

Eden, M, “Handwriting generation and recognition”, in P. Kolers and M. Eden (eds),
Recognizing Patterns, The MLT. Press, Cambridge, Mass, 1568

Evans, T, "A grammar-conirolled patlern anslyzer”, Proceedings of IFIP Congress
68, North Holland Publishing Co, Amsterdam, 1965.

Evans, T., "Grammatical inference techniques in pattern analysis®, in J. Tou (ed),
Software Engineering 2, Academic Press, New York, 1871.

Feder, J, "Piex ianguages”, Information Sciences, Vol. 3, 1571, pp. 225-241.

Feigenbaum, E, B. Buchanan, and J. Lederberg, "On generality and problem solving:
& case study using the Dendrsl program”, in B. Melizer and D. Michie (eds.),
Machine Intelligence B, American Elsevier, New York, 1971.

Feldman, J, "Some decidabilily results on grammalical inference and complexity”,
infermation and Control, Vol. 20, No. 3, Aprit 1572, pp. 2448-262

Feldman, J, J. Gips, J Horning, and S. Reder, "Grammaticsl complexily and
inference”, Stanford Computer Science Report 125, June 1965



229
Feldman, J. and P. Rovner, "An Algoi-based associalive lsnguage”, Communicalions
of the ACM, Vol. 12, No. 8, Aug. 1968, pp. 438-448.

Fischer, P, "Turing machines with restricted memory access”, Information and
Control, Vol. 3, 1966, pp. 364-373.

Firschein, O, M. Fischier, LS Coles, JM Tenenbaum, "Forecasling and sssessing the
impact of Arlificial Inteliigence on society”, Third International Joint
Conference on Artificial Intelligence, Stanford, 1973

Focillon, H, The Life of Forms in Arl, Wittenborn Schullz, New York, 1948

Frye, N, Anatomy of Criticism, Princeton Universily Press, Princeton, N.J,, 1857

fu, X-5. and B. Bhargavs, “Tree systems for syniactic pattern recognition”,
presented at the Computer image Processing and Recognition Symposium,
University of Missouri-Columbis, 1572

Fu, X-5. and P. Swain, "On syntaclic pattern recognition”, in J. Tou (ed), Software
Engineering, Academic Press, New York, 1571

Gardner, M, "The fantastic combinations of John Conway's new solitaire game ‘life™,
Seientific American, Oct. 1970, pp. 120-123

Gips, J, A new reversible figure”, Perceplusl and Molor Skills, Vol. 34, 1872,
p.306.

Gips, J., A construction for the inverse of a Turing machine™ Stanford Compuler
Science Report 390, August 1373

Gips, J. and G. Stiny, "Aesthetics systems”, Stanford Computer Science Report 338,
January 1873

Gips, J. and G. Stiny, "An investigation of sigorilhmic aesthelics™, submilled for
publication

Gombrich, £, Art and illusion, Princeton Universily Press, Princeton, N.J, 1560

Gombrich, E, "Expression and communicalion”, in Meditalions on & Hobby Horse,
Phaidon Press Ltd, London, 1563

Goodman, N, Languages of Art, Bobbs-Merrill, indianapolis, I 368,

Guzman, A, "Decomposition of & visual scene inte three-dimensiona!l bodies”,
Proceedings Fall Joint Computer Conference, Vol. 33, 1968

Hahn, H, "Geomelry and intuition”, Scientific American, April 1954



230

Hoperoft, J. end J. Ullman, Formai Languages and their Relation lo Automatls,
Addison-Wesley, Reading, Mass,, 1363,

Huliman, D, “impossible objects as nonsense sentences”, in B. Meltzer and D.
Michis (eds), Machine intelligence 6, American Elsavier, New York, 1571.

Kasner, E. and J. Newman, Mathematics and the imagination, G. Bell and Sens, Lid,
1949, 1965

Kirsch, R, “"Computer interpretation of English text and picture patterns™, [EEE
Transactions on Electronic Computers, Vol. EC-13, August 1364, pp. 363~
376.

Kolmogorov, AN, “Logicsl basis for information theory and probability thecry™, IEEE
Transaclions on information Theory, Vol. IT-14, Neo. 5, 1368

Ledley, et. af, "FIDAC: film input to digitsl sutomatic computer and associated
syntax-direcied pallern recognilion programming sysiem”, in J. Tippep, el.
al. (eds), Optical and Electro-Optical information Processing, The MLT.
Press, Cambridge, Mass, 1565

Luckiesh, M, Visual Hiusions, Dover, New York, 1922, 1865

Maggiolo-Schettini, A. “The theory of Markov-like algorithms with applications to
picture processing”, LBEM. Research Report RC 4172, i1BM, Yorktown
Heights, New York, 15973,

Martin-Lof, P., "The definition of random sequences”, information snd Control, Vol. 5,
1566, pp. 802-613.

McCarthy, J, "The inversion of functions defined by Turing machines™, in C. Shannon
and J. McCarthy (eds), Automats Studies, Princelon Universily Press,
Princeton, NJ, 1356

Mercer, A. and A Rosenfeid, "An array grammar programming system”,
Communications of the ACM, Vei. 16, No. 5, Mey 1973, pp. 289-305.

Menninga, L, "A syntax-direcied spproach lc pailern recognition and description”,
in Proceedings Fall Joint Computer Conference 1371, pp. 145-151.

Meyer, L, "Some remarks on value and grealness in music”, Journal of Art Theory
and Criticism, 1959. Reprinted in M. Beardsley and H Schueller {eds.),
Aesthetic Inquiry, Dickenson Publishing, Belmont, Cal, 1967.

Milgram, D. and A. Rosenfeld, “A nole on grammars with coordinales”, Computer
Science Center Report 70-140, Universily of Maryland, September 1370.



231
Milgram, D. and A. Rosenfeld, “Array sulomsla snd array grammars , Proceedings
IFIP Congress 71, North Holland Publishing Co,, Amsterdam, | 8§72

Miller, W. and A. Shaw, TLinguistic methods in piclure processing - a survey ,
Proceedings of the Fall Joint Computer Conference, 1368

Mincky, M, Compulation: Finite and Infinile Machines, Prentice-Hail, Englewood
Cliffs, NJ., 1967.

Montanari, U, "Separsble graphs, planar graphs, and web grammars”, information
and Control, Vol. 16, May 1370, pp. 243-267.

Moore, EH, "On certain crinkly curves®, Transaclions of the American Mathematical
Sociely, vol. i, pp. 72-30, 1300

Munari, B, Discovery of the Square, George Wiltenborn, Inc, New York, 1965

Mylopoulcs, J., "On the relation of graph grammars and graph autemata”™, 13th IEEE
Symposium on Switching and Automata Theory, 1972, pp. 447-470.

Narasimhan, R, “Synfax-direcled interpretatien of classes of piclures”,
Communications of the ACM, Vol. 3, No. 3, March 1966, pp. 166-173.

Narasimhan, R, “Picture languages”, in S Kanefl {ed}, Picture Language Machines,
Academic Press, 1570

Newman, W. and R Sproull, Principies of interactive Graphics, McGraw-Hill, New
York, 1973

Nilsson, N, Problem-Solving Methods in Arlificial Intelligence, McGraw-Hill, New
York, 1871.

Pavlidis, T, "Linear and context-free groph grammars™, Journai of the ACM, Vol
19, No. I, January 15972, pp. 1i-22

Peano, G, "Sur un courbe, qu remplit toule un aire plane”, Mathemsatische Annalen,
Vol. 36, pp. 157-180, 1850

Pialtz, J, “Web gremmars and piclure descriplion”, Compuler Graphics and Image
Processing, Vol. 1, No. 2, August 1972, pp. 193-220.

Plaitz, J. and A Rosenfeld, “Web grammars”, Proceedings of the First International
Joint Conference on Ariificial Intelligence, Washington, DC, 19565, pp.
609-619.



232

Rosenfeld, A, "lsolonic grammars, parailsl grammars, and picture grammars®, in B.
Meltzer and D. Michie {eds), Machine Inteliigence 6, American Elsevier,
New York, 1971

Rosenfeld, A, “Progress in picture processing : 1969-717, Computing Surveys, Vol
g, No. 2, June 19738, pp. 81-108

Rosenfeld, A, "Array grammar normal forms”, information and Control, Vol. 23, No. 2,
September 1573b, pp. 173-182

Rosenfeld, A. and D. Milgrem, “Web automala and web grammars”, in B. Meltzer and
0. Michie {eds), Machine Intelligence 7, John Wiley & Sons, New York,
1872

Rosenfeld, A. and J. Strong, "A grammar for maps”, in J. Tou (ed), Software
Engineering, Vol. 2, Academic Press, New York, 1971, pp. 227-238.

Rossi, B, "The esthetic motivation in science”, in G Kepes {ed), The New
Landscape in Art and Science, Paul Theobald and Co, Chicago, 1366.

Schrandt, R and S. Ulam, "On recursively defined geomelric cbjecls and patterns
of growlh™, Los Alamos Scienlific Laboralory Report LA-3762, Los Alamos,
New Mexico, 1967,

Schwebel, J, "A graphestructure transformation model for picture processing’,
Department of Computer Science Report R-72-514, Universily of lilinois at
Urbana-Champaign, May 1572

Shannon, C. and W. Weaver, The Mathematical Theory of Communication, Universily
of lilinois Press, Urbana, lllinois, 1948

Shaw, A, A formal picture descriplion scheme for piclure processing systems”,
information and Conlrol, Voi. 14, No. I, January 1969, pp. 5-52.

Shaw, A, "Parsing of graph-representsble pictures”, Journal of the ACM, Vol. 17,
No. 3, July 1870, pp. 453-481.

Shaw, A, “Piclure graphs, grammars, and parsing’, in S. Watansbe {ed), Frontiers
of Paltern Recognition, Academic Press, New York, 1972, pp. 481-510.

Shepard, R, and J. Metzier, "Mental rofation of three-dimensional objects”,
Science, Vol. 171, 19 February 1971, pp. 701-703.

Sirmoney, G, R Sirmoney, and K. Krithivasan, “Picture languages and array rewriting
rules”, Information and Control, Vol. 22, No. 5, June 15873, pp. 447-470



233

Smith, AR lli "Two-dimensional formal languages and patlern recognilion by cellular
% automata”, 12th IEEE Symposium on Switching and Automata Theory, 1870,
pp. 216-224.

Solomonoff, R, "A formal theory of induclive inference”, Information and Contrel,
Vol 7, 1964, pp 1-22 and 224-254. .

Stiny, G, "Msthematical aspects of formal models in the arls”, PhD. thesis, Systems
Scierie Depariment, UCLA, in preparation

Stiny, G and J. Gips, "Shape grammars and the generalive specification of painting
and scuipture”, Proceedings of IFIP Congress 71, North Holland Publishing
Co, Amslerdam, 1372 Also, in O Pelrocelli {ed), The Best Computer
Papers of 1971, Auerbach, Inc, 1972

Stiny, G. and J. Gips, "Formalization of analysis and design in the arts”, invited
paper, Symposium on Basic Questions of Design Theory, Columbia
University, May 1974 Proceedings ic be published by North Holland
Publishing Co., Amsterdam

Stravinsky, 1, Poetics of Music, Random House, New York, 1947,

Uhr, L, “Flexible linguistic pattern recognition™, Paltern Recognition, Vol. 3, 1971,
pp. 363-383

VanLehn, K, (ed}, "SAIL user manus!”, Stanford Computer Science Repart 373, July
1573

Whailtz, 0, "Generaling semantic descriplions from drawings of scenes with
shadows™, MLT. AL Memo TR-271, November 1872

Williams, ¥, “Syntactic patiern recognition viaz unordered free automata®,
Department of Computer Science Report TR 73-01, Michigan State
University, 1973




