
POL: A PROOF CHECKER POl{ 
FIRST-ORDER LOGIC 

Richard W. Weyhrallch, et al 

Stanford University 

Prepared for: 

Office of Naval Research 

AD/A-006898 

Advanced Research Projects Agency 

Septelober 1974 

DISTRIBUTED BY: 

IIIiIIIII '.-all ........ SInicI 
u. S. DEPARTMEI' • CGIIIERCE 



UNCLA28IFIED 
SECURIT ..... Cl...ASS.FICATION or THIS PACE (,",en V.,. f.-nter~d) 

REPORT DOCUMENTATION PAGE READ INSTRUCTIONb -;--, 
BEFORE COMPLETING rO~~1 j 

I. REPORT NUMBER ,2. CiOVT ACCESSION NO. 3. RECIPIENT'S :ATALOG NUMBER 

STAN -cs-74-43 L. 1 A~hIA -() () tJ 2' (j 1; 
.. TITLE (and Subrlr:e) S. TYPE' OF REPORT 6 ?ERIOO COVER .. ;" 

.r IX .. : A PI:OOF CHECKER FOR 1- IH81-0HD.t:R LOGIC technical, September, 1~1(4 

E. "'EReORMING ORG. REPORT NUMbER 

STAN-CS-74-43;' 
7 AU THOR(a) .. CONTRACT OR GRANT NUM8ER(o) 

R. W. Weyhrauch and A, J, Thomas ~AHC 1)-73-C-043) 

9. PERFORMING ORGANIZATION NAME ANt; AOIlRESS 1'0' PROGRAM ELEMENT. PROJECT. TASK 
Computer Sd ence Department AREA 6 WORK UNIT NUMBERS 

Stanf~rd University 
Stanford, Cali1'ornia 91,30) 

\I CONT7LLlNG OFFICE NAME AND ADDPESS 12. REPORT DATE 

ARPA IPT, J\ttn: Stephen D. Crocker Sept, 1974 
IhOO Wilso:1 Blvd. , Arlington, Va. <:.2<0') I l. NUMBER OF PAGES 

,~~ 
14 MC'N!TORING AGENCY NAME A ADORESS(.' dlffer .. t ',om Carllro",", Olllee) '5. SEC'lRITY CLASS. (01 ,hi. ,epor') 

J:m Pepresentative: Phil it;; Surra 
Durand Aeronautics Bldg •• Hm. l~) UNCLMiSJ..FHD 
Scanf'ord Universit.y ~i~OECLASSIFIC"TION 'DOWNGRADING--

Stanford, California 9430:; SCHEDULE 

,~ DISTRII'I',TIDt; STA1"EOIENT rol ,h;' Report) 

Releasable without limi t<,tions OIl dissemination. 

17. DISTRIBUTIO,," ST ATEMENT (0/ 'h. abUrac' ... t.red /n Bloc/c 20, II dlftaron' from Rapor') 

-
'8 SUPPL 'ME>jTARY NOTES 

19. KEY WORDS (C"'lr'nueo on ,.,.\'e,. •• • Ids If nl'lc ••• ..-y .. d Identify by b'ocJ( number) 

20. ABSTRACT (Con"nue on rev., ••• Ide II n.c ••• .-y .. d lden"'" by block n&aRb.,) 

SEE REVERSE 

hprodl.lc." Ity 

NATIONAL TECHNICAL 

fIllS SIIlItT ... INFORMATION SERVICE 
us 0...,.", ... , of CO"'''''''ce 

S.n •• ,oe/d, VA. 22151 

DD FORM 
, JAN 7) 1473 EDITION OF , NOV 65 IS OBSOLETE unclassified 

SECU"IT'I' CLASSIFICATION OF THIS PAGE ( ..... Dat. Ifnt.M) 



• I 

\.., f>jCLASGIFIED I' 

JI 

SECURITY CL"SSIFIC"TIOI" 0' THIS P"GE(Wh .. O.t. Ent.,ad) 

I 

This manual descriLes the use :)1' the interactive proof' checkt:'" }OL. FO] 
implements a version of the s,Ystem of' natural dec'.lCtion described by 
Prawitz, augmented in the followinG ways: 

(i) it is a many-sorted first-or,jer lU1Sic aud a partial order ovei' 
sorts may be declareu: thL !'2duccs t~e size of frJrmul",s; 

(ii) lJUrely propositional deductions can Le made in a single step; 
(iii ~ the truth value:.; of assertions inv01ving n-lIllerical bond LISP 

constant~ can be Jerived by computation; 
(iv; there is a limited ability to make metamathematical arg'JJl,ents, 

anJ 
(v) the,"e are maay operational conveniences. 

The goal 01' FOL is to use formal l'rol)1' techr,iqu8s as practical too!.s for 
checy.ing proot's in pure mat..hematics and proof's of the corr(;ctness of 
programs. It is al20 in~cnded to be used as a research tool in 
rrLodelling common-sense reasoning in the re'p,'esenta"Lion theory of' 
artit'it'ial intelligence. 
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Abstract: 

FOL : a Proof Checker (or Fir&t-order Logic 
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ArtAur J, TIIo",cu 

This manual deserlbft the USP af rhe Intrrac:tlve pl'OCIf check., FOL. FOL Implrme,," a 
yersion of Ihr '1slr", of natural drduction deKrlbfod by P,awltl, augmented In the 
'olll·wlng wlyS: 

m ; I h a tnany.$Ortrd flnt-ordrr logic Ind I pI,tla' ."der oYer sorts mJY be 
drc I.Htd: 'his rreluee, the size af f."mulas ; 
(11\ pllrtly prapositionll drduetlons .:an be Inlde In a slnrle stepl 
(ilt~ Iltt truth .. aJuts of I5sertions InYol,llI, numrr'cal and LISP constants can 
bt dtrivrd by eompu,aliall: 
.,,,1 Ihtre II a IImitPd ability to mah melalllatheinatlea' arguments. and 
(v/ thtre aFf many operational conv.nirnces. 

The goa' of fOL Is to UH formal pr..of technlflufS as practiCII tools for dleciling prooh 
In pure m.1lhellllUcs and proofs of the correctness of procram •. It Is also intended to be 
uMel as a teSPlrcb 1001 in ",odrllln, eommt'n·senSf "asonl""" tht r~restnlation thtory 
01 artificial inteUirenee. 

We are ,rllel.1 lO Aahot (".handra ror c_,l •• ' hel, .IMI lor j ... "I"lMfttj"lr Ihe Taut .nd Taut"q rul",. 

The l'C'ulrrh df'Ur.hrd herr. wac lup""r''''' Ity Ihe A .... 1ICC!d R~~.reh P";rda Alrnry tlf the Office ,,1 lhe 
Seere\~ry 01 l1efen.e u"der cOltlrld 1>f.HC-l&-'l3-c-0435. 

The wiew .tHI rOftClulioM f'OII,.i .... d in .hil .. ocu ....... t .rc lhou 0' lhe •• tltora .... ahould "0& H ill'f'rpreled 
III ~ril, re,rHelllillr the /lnici.1 polic1n. tither el,,"," or i_plied, .1 the Ad .. Mf'J Reae.rch 
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SICUtm 0 THE RAT/ONALE FOR If FIRST-ORDER PROOF CHECKER 

The Idea of doing I11lthematicll rpa$oning Jnrchlnically goes back to Lelbniz. but It wu 110t 
until 'he end of 'he list century thlt Frtge Ind Peano dpveloped the first (ompl('II"Y forlnll 
syst.ml Idequate for expreuing sOllie kinds of reasoning. Much of Ihe work of Whiteilud and 
Russell was an ane'"pt It demonstrating that large parts 01 mathematics could .actually b. 
~xprel~ within such systems. Alter Ihese Initial successes, however, the Interest of logicians 
ch.nred from proving Iheorems aJU~I" mathem.tlc.1 '7st.ms 10 proving mrla·,htor.n15 about 
luch Iy.teml. 

["en b.fore Goedel's work. It was Intultlyely clfar Ih.t ehfeklng proof. WIS dirf.,ent from 
flndln, Ihem. It I. an .... nllal part of the Idea of formal .ys.em th.t proofs can be chtchd 
mtchanlc"lIy. whereas finding "rooh ,"rchanically wa. always rec.rded IS a research problem. 
Thl. distinction ,~as clarified by Il1e work of Coedel. Tarskl. Turing and Church whlcl. shOWN 
that algorithms for finding proofs can work Infallibly only In limited domains .nd that some 
m.th.mallcl' Ideal r ... ~"t be completely ch.r.cterized b7 ulomatic 'Yltems. 

The .dvent 01 comp"!en Ind the brelnnlng of the stUdy 01 artlflci.1 Inlelligence gave rbe to 
.ttempts to nplore nprrilllelltally what cln be proved by IIIlchlne. There hl5 IIftn IIP.dy 
prug"" In Ihh elldeavour, but Iwenly yurs work le.ftS us a lone way from being Ible to prove 
Import.nt In.lhrll.aticallheorrnu. 

Knowing Ih.t mechanlca' theorem proyine hiS I long way to go justlfl .. I renewed Interest In 
the morr str.ight.forwlrd tiS. of proor-chrckinc by l.omputer. Moreover, while it Is lIot IS 

Int~r.stlnl to check proofs by computer as to In.b computers pro .. the theor.ms, proof. 
ehrclclnr ha. obvious potentlll applicllions. The most Itnportant of .hew Is proying .b.t 
coinpul., proc,.m. mftl their sprclflcations since Ihe ,.asoninr Innh,ed I. length), .Ithough 
u.ually .traightforward • or 10 our Intuition lells us. Since I computer progrlm Is a 
.... th.m.tical object whose prop.rlits .,. determlnPd .ntlr.l)' by lis symbolic form. It Is • 
.... them.tlcal disgrac. to h ... to debuC llatm case by c ... r.ther than provine th.m correcl in 
l~nft'.I. Since th~ progr.m. I,. long. the proofl of cornetne .. will be Ionr •• nd Iince 
pror' .... mffl sometimes thlnlc wlshfllll)'. It Is obt'iously dellrablt th.t the praafl be chrelted by 
co"'puter, 

It Is .Iso Inttre.tlll, to 1ft if we can check Ihe proofs of intmstlnc mathemallcal theorems even 
Ihoulh Ihe problem II of .... pr.ctlcal ureeney. lince the human reftrftln, proetn worh qUlt~ 
w~ll. 

At IIrlt slCht. computer proof ch,pc.'nr Iftmtllmost trlYll1. We know Ihat almost all practical 
",.them.tlcal rt':uoning "an bt' done in n:')lnltlc set theary which In turn Is expreued In first 
arder predlc.t. cakulus. Therefor •• it wou~J Iftm th.t an we need do Is to ma •• a proof clatchr 
for predicate cakulus. choose eithrr the Zermelo-r,aenkel or th~ Coedel.Bernays.yon Neum.nn 
.xl ..... for set theory and write and chrek our proof .. This i. OIIe of tht thin,s the rOt project 
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is doting. but In order thaI it, formal proofs ~hould not be substantially longer than conHlltional 
mallle,natieal proofs. II is necrnary to rdormulate the usual logical systellls. This can be 
thought of a. an dfort to produce I formll sy'telr in which the rule. of illfrrenc~. as well 1$ 

the expresslw pow.r of the IllIgllag'. Is Inorr dOlely corr.lated with actual mathematical 
prieUce. Th, use of a comput.r allows for the introduction of complicat~d rules of inf,rtlle, 
whose ,nttamlth,matlcs Is ""t slmpl.. FOL provides for the following: 

(I) Its nollo.1 of I flut·order languag, Includrs function symbols. "luallty and other usual 
mathe,natical nOlltion. such as infix operators. n.tuple notalion: 
(2) the USft' cln d.clare sorts alld drclare variables to range over given sor:'. This gr.atly reduces 
th' I'ngth of IlC ioms and thtortnu and corresponds to the fact that in an Informal proof I 
context Is tltabllshtel. and the rradrr knows that a crrtain part of the proof h earrl.d out within 
th' context; 
(,) th' decision procteluru for crrtlin simple domains are built Into the syst.m. This allows 
som. proofs to b. lUuch short.r than USUII mathem.ticil prooh. b.cause the computer can go 
through soml? quit. comple" chains of relsoning by itself. At present. propositional deduction 
Ind I fragment o! th. tllrory of equality hlv. bern imp\.m.ntN. Th, Boolean algebra of seU 
~nd el,m,ntary eommuiatlve algebra are planned: 
(4~ some facilities for introducing definitions han been implem'!lttel: 
(5) a facility is providtd for defining th. interpretationl of constants Ind predicate/funetion 
I,.nbob. Ind for compilling wilhill a mod.1 of th. lang illig', This tn.ans. for ."ampl •• that 
alg,bralc and LISP functions can bt' calculated dir,ctly. rather than bping lYltthptlcally derivrd: 
(I) sotn, prlmitiv, fac:llitles .r. available (or mrt3l11atht'lIlItiul rusonlnc; 
(7) rul.s of Inffrence for some illtrrrstinc modll logics Ire provided. 

The dotnah,. which are b,lnC '''plortel by m,ans of FOL proofs includ.: 

(I) CU.SSIC':AI. MATHJo:M ATIC.C;. This is th' single 1II0S~ strllllne success In aur ability to 
"I'r#lInl rellonlng In rerms of formal derivations. How close aff n"5e derivations to a 
m.thematlclan', Informal proof? Do rh,y eonstltutr a faUhful rrprrsentatlon of .. II "lSonlng? 
How Irr tht InlmnCf rules of our tocle rflated to thf actual rules 01 ,vldt'nc. he UifS whtn 
cony6nelnc hltnlfll of lome truth? Th, answers to th,se qupsllons are Important In delfrmll.lnl 
whether w, eln make computrr-check .. blf prooh that Irr not .nortnously longer than rhe proofs 
In m.the .... Ueal jcMIrnals. Experl ... nt with the use of rOL in dalSlell tnath,matles will help 
anlwer them. Theoretlcalltudi •• o( the int,nllonal properties of proofs luch II tholf of Kreisel 
(l97.a.I97II1) arr also relevant. Moreowr. It turns out tit at ala", pa,t of m" ny mathfm.tlcal 
proofl In the IIteraturr are r •• lly at th. mrtamathftnltleal left" I.f. they arr "asonlnl about tht 
"Isonlnl In .the axiomatic s1,t,m. Thus It can happen that I simple thftftln provrr or proof. 
check" II not fftn capable of tx,rtssinf the throrrms of Inathftnatlclan .. let alon, "rovin, 
them: 

(In MATHJo:MATICAI. THUlRY nt" r.o:\lPlITATlo...." (McCarthy 196.1. Floyd 1967. Manna 
1t74)and others haft shown how flnt·order throries can be ultd In proving prop.rti .. al 
procraml. Makin, this into I tool for verifying pruerlms brfor, they a" widely distributed II 
one of the major Coals of the FOL projrct. This will rtqulrr f.rther "Sfareh In f",mallzlng the 
propertlft of precram.. the abllit1 proVided by the attach"'tnl fflatuff of FOL to eatabllih 
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dtcidablt propertits of parts of the prngram by dirtct calcul .. tion rlthl'r tban sttp-by-sttp 
Infrrellcr. and I grrat drll of nprriml'nt aill1l'd at malting thr proofs corrt~pond to the 
procrlmmer's informal rrlsoning that lib program dMs what it should: 

(lin Rt:PRE!'E!\iTATIO,\ THEORY. Common srnse rrasoning is bring rrprl'sl'lltrd in FOL in 
thr style of (McCart"y and Haye~ 1969). As in .,roYing progralns currrct, purrly inferrntial 
rrasoning must be 5upplrllll'ntpd by assl'rtions directly computed from tht' data base 
rtprestnting thl' l'nvirolllul'nt: again the FOL attachml'nt I uturl' is thl' by device undo Even 
more exptriment will bt r('~ujred btfore thl' formal proof~ corrnpond to informal renoning 
thin ill the cau of IlIlthematics. b"cau~t this lrea has nol bttll well pxplortd (ptrhaps Oldy by 
McCarthy, Hayrs 1974, Ind Sandtwall 1970). Parliclilar problems are the all lomltilation of time, 
s'llIultaneity, clunlity, knowledgl'. and the gl'ometric reuoning In'olved in ptrcrplion. 
Merlmlthemltlel 1110 coni 1'1 in. parlicularly whrn it b IIKrssary to rellOIl about Itnowlrdge Ind 
belld. We hope that uiot'1ltizing the metamalhelllatics of FOL, I.e. the structure Ind truth 
conditions of FOL sentrltef5 together with I TtjitCrlon prinCiplt, lultably rttstrlcted to lvotd 
plrlcloUl, will enlblp u, to pxprtu comlnan sense rrasoning about Icnowlftlge. belief. truth and 
fabehood. 

FOt Is canllnlttrd to I i)'St~1II of natural -(-duction. The use of tht word 'naturll' Is b •• t 
explained by Prawitz hilnstlf (Prlwilz.I!lG5): 

'S.".'l'm' 01 /lIIIIUIII 1I"III1"illll. ill,'rll,rll b,. /IIdlllll'.,IIi 01111 by Crll'~r" in 
, It I' "II",. 19JO'., 'IIn.,i,u'l' " /n,,,, In, ,I." 1I,."I'In,.",,.,,, 01 In.ir ,,,," i. 
"II'U'II' ill "'''ny '''''11''''. '"'M Ii, .. "/lIf 1', ,I.",,. h II .imi/llri,y h",I1'''''" 
"", .. ,,,1 d"du,.,inn /lnll ill,ui.i,.,., i./o,mlll rrllAO.i"". Tltll ill/"rl'lIr" ,u/". n/ 
, It I' '.Y.'f'm. ,,/ IIn,lINtI 1I,.4ur,i,,1I 'tI'rr.po,,~ 1'/0 ... /,. ,tI prfN'"tlur". "om mOil 
ill ill,ui,i,!f' ,,.tuon;,,,,, 11,,4 /I·ltl'lI ill""',,'" prtlO/. -- w"It •• "rfO """tlu",,.r.-,, 
ill mn,,,,.mll.ir. Itlr rrllm",,. _. arl' lo,mlllia,.11 1I1;,ltin ,It,..,. .y~!,.m., ,),,. 
",oi" "rur'ur,. 01 'hI' i,,/ormal pr_/I f'n" 0/'"'' bl' pr,..,.,wll. TAt.'II £,.,.'/ 
.illfO. ,II,. ,y,'"m. 0/ IIlIu.rni lIf'tlu"itlll II.' ill',.,,.,, o. a. ,.rplir/ll jon 0/ ,#W­
',,/o,m.' r.",.,.", tI/ lo"i".' 11"".""011. 

C,.",al'lI', , ... ria", /II IIO'U"" II,.".,.rioll iI IItUu"" .'110 ." /I 1111'1'"..' '1'"./1. 
lIb i"/,.,,.,,,,I' ,..,,. •• lttllll a 110'1'Il10,,11, .,.."ma,#tttrla ... 111"'1'11, amo" ... ,...., 
,IIillll" i. r'o.,./,. rfOla,,," ,. ,II" iltll',,,,,,'ario,, ./ , It I' ' •• '1'11' .i." •• 1'.,11.,.,,,,,,", ., .. ill II" .Ito .. " I. ,lti • ••• ",., iii. ""1" .110111 .'"' "rllur.eio. '0 
"""'1''''' ill II ,.,.",,;. "i'H' / •• "ioll, tt/l.,"ill" ttll i.'fIr,..';II. 11M"'''' lorm 
lor IIH .. "....... TIt,. ,,.,,.,, ,IIa. 1"""" .... u"" 111'11.,.11011..... II ... ",,,./,,,m .. 11 
, ••• • It', .M"'''' /orm I, "'lul""' .. II' 'It ",It,., II i ... ", .. II' Htlfll'tsatz n, rI.f' 
normal f"rm tAfoT,m, " bttAr. rfOJUIr ill prOf/,( ''''''''Y, ",lti"" .... ".,abli.hI'II by 
C,,", z,.,. /0' ,It" ""'''/lli 0/ ",.,.""11. Tltl' lwoo/o/ ... " ""III, /-., ')"'I'm, tIl 
•• 'Ufll' "H.rtin" it ill mil"), _)' •• imp/fOr .1111 mont ill.llli,.",i .... 

I,. .ltl. "' ....... mo.' ttl '''*' ml"I1",.,""mllti,.", ... ,ioll. 11111'11"1'11 _II IHt r"/f'fTf'II '0 IIy "'0,.11, ill .Itt! 
lei'."" .. I.",: ,. .•. SYNTYPE. INOVAR, WF'F. Tltl!'~ ,..,ioll. ",ill ,lilY. If"""'" roll' I" ''''I'r _r,i.,.. 01 
rOL 



FOL Manual P:lle 4 

S,Clioll 1 THE NOTION OF AN FOL LANGUAGE 

In FOt the user specifirs a first.ordrr lancuace by Inaking a srI of DECLARATIONs (Sft S~tion 
4.'). Tllr proof-chH:lth,C sys ..... 't.," ,,"rrlltS a proof eh~b, Ind I collfclioll of rulrs spteifie 
to thlt syslr"I. 

An FOL /angllagt Ii dttumin.d by sp~ifylng I way of building lip t"prfs~ion5. usuIlIy caliN 
well formed formulas or WFFs. from eoll~tlons of prlmitin symbols. In FOL thest daists of 
I),,!,bols Ire calltd SYNTYPEs. Tht)' 1ft: 

I. logicI' COllsllnU: 

a) srnt,ntlal C01UrlffttJ • SENTCO~STs: FALSE. TRllE 
bl Stnttlltiat (onlltcrlllts • SENTCONNs; """v~ •• 
c) qutllltifitrs • QUANT: Y. J 

2. luxlliary 5ymb" .. : . AUXSYM: -r Ind ,-

S. stU of v,riablt sy",bols: 

I) ifld;!'idlltll IHZriaNts • INDVAR,. 
b) indtvtdal f'arallltt,rs • INDPARs . 

•. I 1ft of fI.p'aCt "rtdicatt paraWlttns • PREOPARs. 

Thes. symbols ur ustd to form thOM Mntrncn common 10 III FOL lucuaces, Sometimrs, 
I.nluige L ml, also contain sym~ol! which Irt Intended to hlft intrrprttllion. which are 
fixed rel.tlft to the domain of the IntrrprtlarJon. Eumpla Ire: -•• In It, Iheory. -•• In flrlt 
...., larlc with equ.llty. ·0· .nd -Suc· II .rlthmetlc. .he •• re Ffpfftlnttd b1 

5. Mts of conitant s1mbol$: 

., 11Idlvldual cOflJI"flts • Ir«oNSTs. 
b) fI.".tl operdllMt "",bois • OPCONSTa. 
c) "oplace prld;c"t, C,,""lI1Its • PREOOJNSTs. 

In addition ont cln 

.. restrict tll~ ranl~ of • "rllb" ,ymbol to some PREDCONST 1t1 decl.rlne It to be. SORT. 

't. de.l,nlte • partial ordtr to hold Imonc IODit of thOH F'R£DCONSTs which h.w been decl.red 
tD be SORTs: 

TERM AWFFI (.Iomic well formed formula). .ad WFF. (well formed formulas) .re defined In the 
..... w". 
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A for",al description of Ihf'~(, languages and of Ihe notion of SORT Is riven in appendix I. The 
~ntlre extended syntax of fOL is d('~cribrd in appendix 2. 

A first-order THEORY Is defined by a (possibly empty) set of sentences of L. called AXIOMs. It 15 
the crration of such theories and the cheeiling of valid deductions in Ihrm th~t h the Inain 
purpose of the computer program rOL. 
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$«t',,1\ 2 THE. NOTION OF AN FOL DE.DUCTION 

A derivation (thr following drscription of which is labn almost v,r/oattm from Prawitl 1965) 
b~ins by i'lferring a 'C'lIsrqllrnCt froll1 somr ASSUMPTIONs or AXIOMs by mtans of one of the 
RULEs IIsttd beloW. We indicale this by writing the formulu assumed on a horilonlal line and 
the formula inferrrd ilnmedialrly brlow thb line. On the computer this can bl' reputed using 
prevluus consPf)uences u new hypothesis. This grnerates a lrrr, which we call a DERIVATIOtJ. 
Thus If we Wish to derive A::.(BIIC) from (A::»B)II(A~) we write: 

11 (11)81 A 

• 

At rach slrp so far, Iht' configuration h a DERIVATION of the undermost formula from the set of 
formulas that appt"ar as ASSUMPTION\. The assumplions are tile upprrmo\t formula OCCllrr!!!nCeS, 
Ind we say Ihal the undrrmOSI formula cltptnds on Ihesr ASSUMPTIONs. Thus. Ihe rumple above 
Is a drdllll:tion of BIIC from the st't of auumptlons I(A::»B)"(A:,C),A). and in Ihb deduction. BIIC 
Is said to depend on Ihe top occurrences of these formulas. 

AI the nsull of some Inferr .. crs. howrYtf. the formula inferrrd becomes Independenl of some or 
aU assumptions, and we then say Ihal we discltarr' the assumptions In question. There are four 
wa,. to discharge auumpllons. namrly: 

(I) Clwn a drdllction of B froln IAJUr. we may infer A:lB and discharge the assumption. 
of the form A: 

(2) elwn a dfducllon of FALSE from (~AJUr. we Inay Inf.r A Ind discharge the 
assumptions of the form .. A; 

<I) C'ftn Ihree deductions. one of C trom IA)Ur l• one of C from (B,Ur2 and one of AvB. 
we mly inf.r C and discharge the assumptions of the form A and B that occur in the 
flr.t and JteOnd dfdut:tioll5 respectiv.ly. I.e. below the end·formillas of the three 
deductions. we ilia), write C and then obtain a new deduction of C independent of the 
mentioned assumptions; 

(of) Ciwn a dedut:tion of B from IA[lI~I)JUr and a dedut:tion of lx.A. we l11ay jqfer Band 
dlacharge a,,"mptions of the form A[,,-a~ plOvlded that a does not occur in lx.A. in 
B. or In any ... umption • olhtl' th'l thost of the form Alx-a) • on which B depends 
In the glwn deduction. 

To continue the deduction aboft. we mly write A~BAC) _low BAC and obtain, drducUon of 
A-<BAC) f,.,m «A:tB)A(A~)J. 
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SICtion J TH£ RUL.£S OF fNF£R£NCE. 

The Inference rults consist of an introduction (J) and an tU"'inatton (E) rul, for tach logical 
eonslInt. The letttrs within plrenthe"s indicate thlt the Inference rule dlschlrges Issumptlons 
.1 explained above. 

AI) II , A[I A., A., 

RAI II • 
CAl CII 

,,1) " 
, vll "vi t t --------------

Avl Avl e 

!III 
:oil I ~) " "" ------------

A" I 

.11 A tEl V •• II ------_ .. --... 
••• A 1, •• 1 AI •• , • 

CA, ... II 
In A' •• II XI 3 •• A I -----------.. 

3 .. ,A I 

(AI I-AI 
.11 FALl[ "" FALSE .. " 
FII .. II FEI FCUE 

fALSE II 

'll "" bA IE) A.a Ad -----------
A.I A" ,,,. 

RlsrridtOJl 011 till V/·,ul,: II musl not occur In InYI .... mption on Which A. depend •• 

Rlltr'etlOft Oft '11, 3E·Rul,: II mUlt not occur in lx.A. In B. or In In)' assumption on which the 
upper oceu"..n~ 0' B depe •• otller thin Alx.a~ 



P.ge 8 

Stellon J.I An FOL dtductton usinc tA, COIft~ut" 

We ;how here the computer Interl~tlon neceuary to check the derivation given in Section 2. 

In tltll cznd czll fuccttding Sterian! txa""fJ1'l of hlttradionl witA tA, eomfJuttr (tIm a",.tar iT. ,mall I,,,,. T I.Ds, lints ,,,M,A art t,;ta ", tAt USt, Dlill be ;rtcttdtd ", !iw stars ........ TAt ot lin lints 
4" ,''os, ',ptd ", tAt compurtr. 

To derlw A:.(BAC) from (A:JB)"(A~). we proceed a. follow •. 

••••• OECLARE SENTCOIIST 1I ••• t, 

1 III,.hl.,c, 111 

2 ",,., III 

3. 131 

••••• " 2.31 

•• tl 3' 

•••••• £ 1.21 

5 11I,c, ClI 

••••• " 3. SI 

• C U 3' 

7 .. .c U 31 

....... 1 ~:»71 

Each LINE 'ypH by .he compu.tr con'a'Rs: l) a LlI'€NlM whl~h labels .h.t liNE: 2) the wrr 
represent h., the rr$ult of II'plylng Ihe R\.lE t),ped by the usrr on th .. line abovt: " a list of 
numbers rrprespnting those LINEs of tI.e proof on whicll the WFF' depf'nds. COllsidl'r the LINE 
begininr with 7 in the above e"ample. '1 i, it, llNENUM. B ... C is the wrr all tbb LINE. and the 
derivation of BI\C on this 1I1'€ depends on the .ssumptio,n on 1I1'€s I and S. This LINE was 
•• nera'M b)' the user speelf,ln, 15 a RULE AI (AND introduction) IIslng Ii,."s .. and 5. This 
Infor",ation I. t)'plll b)' tile .ser and in th. ",a .. plt appears directl), above LINE ., of tht proof. 
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Th.re ar. two other things to notic. about this exam pl •. Th. flut thIng typ.d by the uSt'r was 
a declaration stating that A.a and Care SENTCONS15. ~aking d.claratlons is l'sselltlal. Failure 
to dl'clar. all idl'ntifil'r is the most common reason for a sylltax errat. S.cond b that wh.n ::sl 
is applied to LINEs' Ind 7. LINE' hiS bren r.movn from th. list of d~l'ndl'ncil'S of th. new LINE. 
This corr.sponds to th. description of this rul. elven on rach of Ihe plrvlous two pag.s. Th. 
exact format of the commands a UHr mUlt type to the computer Is flIp.alned In section 4. 
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Stetion 1.2 Implt"ltnlation. uur ClYitnttd JI41Urtl of FOt 

There are seyeral dlff~trl1cr5 b~twrrll Ihe machine hnplt'm~lItion of FOL and th,. 't~\Ctipt ion 
glvell abon' I"id In Appr/ldhr I. These dlfferencfS art' u\lIall1 for tht' pllrpo\t' of' making life 
easier for the ust'r. Tht' dr~criptioll in tht' Apprndi" prt'srnts aciran v'l'rsion of ,lit' logic so that 
the metamathematin can be discussed In a straight.forward way. 1 he 111~ jor differences are 
described brleny below; more d~lailed delCrlptionl occur In the app.uprlate sections of the 
sequel. 

Stetton 1.21 Individual symbols 

In Prawltz's logic. Individual variables (INOVARs) Inay only apprar bound. and individual 
parameters only rrt'e. In FOL. this rr~trictlon is relaxed. and INDVARs lIlay appt'ar rr~~ as w~1I as 
bound In well·formed formulas. INDPARs. however. must always .ppur free. Additionally. 
natural numben are automatically drclared to be INOCONSTs of SORT NATNUM. 

Stetton 1.22 PuJlx and InfiX notation 

fOL allows a IIser to sprciry Ihat binar, predicate and operation symbols are 10 be llsed as 
Inflxe.. The drclaration of • IIl1ary application .ymbol to be prefix makes the parelltheses 
around I's argument optional. The number of argumellts of an appllcatloll teran Is called Its 
ARITY. Section ".1 describes bow tft make luch declaratioili. 

Stelion J.2J Extended notion oj T £RMs 

In addition to ordinary application term.. FOL accepts TER~ reprt'sentlng finite sets. 
comprehension terms. n.tuples alld LISP Hxpression$. A detailed description of the syntax of 
theM lerml II to be found In Appt'ndix 2. 

Stelion J 24 TAt Equality of W F F S 

The description nf ~tlb'ltlllinn givrn In Section ".'S is consbtent with FOL's notion of 
equivalence of WFFs. The prnnf.chl'ci<l'r alwa,s contiders two WFFs to be e'lual If they call both 
be chanred Into the same wrF by makine allowable changes of bound variables. Thus, for 
example. the TAUT rule will accrpl Vx,P(x)~Y,.P(y) IS I IIUl0locy. 

StetlDn J.2' VLs and slib/,Grts oJWFFs tlntlTF.RMs 

rOL u Implelnrnled nffers vtry powrrful and convenient techniques for rpfrrring 10 objrels In 
a proof: essenti.lly. any well·forlUt'd rxpression has I namt'. Ind can be Inanlp"latrd as a Iincle 
enllty. A VL il a name of a part of a derl,atlon. Th.re are stveral lind, of VL.: for .xample. I 
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Jlb,1 represenH a IIne·number. Ihe WFF on thai Iinf. Ind a lisl of Ihe depelldel1cll'\ of thai line in 
the derivation. 

The syn .. x of VLs Is very eXI,"si"e and I ""jew of It will be Idt to Appendix 1 . 

. Semon J.26 Axioms and Assumptions 

FOL allows Ihe specification of crrlain WFFs 1$ AXIOMs. The difference bet wren Ihese and 
ASSUMPTIONs Is Ihat Ihe former are not ::lenlioned nplicilly IS dependtllclrs of any IInrs of the 
derl"aUon. Thus eYery proof chcckrd by FOL tac:ltly depehds on a set of AXIOMs. 

Section 1.2'1 FOL dtriVlllicms 

As opposed to a Irtl. a deduction ill FOL consists of • collection of AXIOMs and a linear uquence 
of Jines. eac:h Jille reprr~rlliillg rifhl" an ASSl..U'TION 0' a DEDUCTION from the prl'vious lines 
(and axioms). 

Sterion 1.28 SORTs 

The addition of SORTs. and 'prcificalion of a partial order over ,hlPm. C:Ollstitlltes a major 
,xt,nslon of FOL froln a computational polnl of view. Their melninr and USIP Is disc:ussrd In 
the Hetlon. on dfc:1.ratic,ns Ind Ihf qUlntlfler rulf •• 
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Sterto" if US I NG T H f, PROOF CH f,CK f,R 

FOL is inyokPd at Ihl' Stanford A.I Lab by typing R FOL 10 th~ 11I0nilor. A backup fil~ is 
automatically opt'nl'd 01110 whirh inlHlt is lind: the nall1~ of nib file may b~ a\tprrd by means 
of the BACKUP comllland (I,;,f, infra). To slYe an pntir~ core Im'gp Iype tht' cOlllmand 'EXIT;' 
and SAVE <ji/inn",,>: 10 rt'~lar' 'Ypt' RU <Ii/triG"'" alld you will be where you Idt off. 

The cOl11mand~ fall n.""ally inl'" \rvrral dusts: 

I. COllllnaluh for (I"fillin!.: tht' first·order J.ngu.gt under cOllsidt'ration: th.t 15 to ~:ay, 
com ",and, for lIla~ ill!: r/,.dmalions; 

2. COllllllalld~ for dC'fil1il1~ l'/1:iOllll: 

~. Command\ for ,,,al.illg IlHulIll'r,ons and applying th' ruin of inrt'rl'IIC~ to generate 
n~w $Irp$ in a drr,,':'Ijnn: 

of. Adl1lilli\traliv(' comllland,. which do not IJt~r Ihe stlte or Ih~ d~riv.tion5. but enable 
various bont:·I<t't'ping functions to be c:.rrl~d out. 

In lhl~ manllal Ih .. ~)'nl.,. "r .. 01. w,lI I ... ,If"~nhrd uain« I mnd,rlf'd 'nrm of Ih,. MI.ISP2 nl>t,nn nf patlNn. 
Thetlt! form Ihl' It., ...... nllMfllf1ft "' Ihl' HII. parM'r. 

1. I"rnt,rlrr~ whlrh ap""a, In ,altrrn' arr. til he lakrn !'Irrally. 
2. PallrrM !,,' ")nI311' lyP"< arf' ... ,rnundr. II)' ."1:1,. hrarkr" Thu. <wrr> i. a WFF. 
3. Paltrr,," fn, r~r .. "hon. arr ~r'll:nal"'l b)': 

REt'lI[ 'pallrrn)] mraM n nr mllrr rl'lN"lrd PATTERfok. 
If a RH'n har. ... n arJi'lIml'n'. a"rn 1M. M'rnllll .'Jrumrna ill a ,auC',,, th.t art. u a Af'"arat",. So 
th.1 KEI'I[ (wff)" ) mranA nlll' nr mnr~ 'lin'. al!JII'ralr,lhy rllmma(l. 
4. Altl'tnalivrc arrrar a. AI.'I'[ <PATn:RNI> I ... I (PA'I"I''':R~,,> l 

AI.'I'( ( .. ·H~ ! <lrrm> ) mra,,' rllhrr • WFF or a TERM 
5. Opl i"nal 111111/'· ",'rra. a~ (WT[ (r~llrrn> ] 

K~:r2[(wrr>,()J'T[,]] mranA a .rqllrnrc of lWO or mnrl' WFF~ 0Plinnally ~rr.ualr,1 hy I'nmma!f;. 
Th,,!'., rnnv('l Ilnn< ar" "nmblnr4 wllh Ihe emnp.rlliwely Ilandard Racklla Nn,mal ~'nrm dr • ."irtinn. 
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Sterion 4.1 .<:,3/,m S ptrificarioTt 

The first step ill specifying a firsl·order theory h tht drseriplion of Ihe language which is to be 
usrd. This Is dont by drfinillg the sy".bols flf the languagt, using the declaration commands. 
These commands specify whlth symbols I~ to be variables, con,tlnta and predicate or function 
symbols. 

Slction 4.11 D,rlltTlltioru 

As we llu'lIliont'd .1bovt'. one of the fiut IhlnJ5 thaI a user of FOL must do is to dl'fille Ihe rOL 
Iinguage to be c,)luidert'd. Ever), idrlltifier In I proof lIIust be declared to have a SYNTVPE. 
Only nine Itf thl'\t l)'pr\ tan be drc\Ml'd by the u~r. They are: 
I.SYNTYPEl 

I) INDVAR (jn,'ilJirillai liarinbltJ) 
b) INDPAR (i7l1/;II;./1I21 param;ttt 1) 
c)INDCONST (in({illidual constartts) 
dl SENTPAR (untrntial pGramrttrs) 
e) SENTCQNST (ltrtrtnrial (on slants) 

2. SVNiYPE2 

.) PREOPAR (prtd/{(ltt paMmtltrS witlt on, or III0Tt artu,"tn,,) 
b) PREOCONST (!'redicaft constants) 
cl OPPAR (0l'rratioll paramtttrJ or fUftcttoft "4rClmtlfrs) 
d) OPCONST (opt,alion conslants or JIl'lltItOft to'llstantl) 

Decllr.tlolls are fixed wilhlll • proof Ind once m.de tbey CGrlnot be ch.nged. 

DECLARE ALTI REPl I<!impldee> OPTI,)) I REP1[<appldec> OPT[,]] J 

There .re two kinds nf SVNTYPEs, thOSf of symbolS which take .reuments. SVNTYPE2s •• nd those 
which do not, SYNTYPEls . 

• a~"t~p.b '0 AlTlolllda.,.. I .alft'.Vb J 
'.""'11"2. '0 Al T I .pr.da.,.. I c."a..,._ J 

The Ide. of SORTs is 10 .llow • Uk'r of fOL to restrict the ranges of function 10 lOme 
prNetermlnetisrt. This correspond to the ulII.1 prlctlce of lu.lhrmatlclalls of &I)'lng let f be. 
function whIch m.p~ Inlrgen into Intrger .. In FOL a SORT is jus •• PREOCONST of ARITY I. I.r • 
• property of Individuals. The effect of this Infatmal ~strlctioR to Integ'rs Is IchlnN In rOL 
by 

•••• tDECLlIIIl PII£OCOllST 'NTEGlIt 1, 
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followed by 

..... DECLIIII[ OPCONS' .1I111[GU,IIIUGEII'-11I1EGEII, 

A PSEUDOSORT Is an Idrlttlfirr which has nnl yft bl'rn drclarPd bill b as§llIllrd to br I PREOCONST 
of ARITY I and Ii dtclarrd ~uch btClu$t of Ih: (.onlt'xl In which il apprar~. .f INTEGER had 
nol bl"rn stparall"ly declared aboYt'. In Its app~arantr in Iht It'tond cOlllmand It would havr bten 
eonsld,.rrd 10 bp a PSEUDOSORT and drdarto accordiltgly. There Is one \1,r(lal PSEU0050RT, I.r. 
Ult' PREOCONST UNIVERSAL. Tllis reprrStnls Iht' mOil ~rnrral SORT and h Ihl' d('fallil option 
whrnevpr SORT \pccification. art' optioll1.1. In drclaralions it can als(; br abbrrviatrd by·",". 
Tht' MOSTGENERAL command explailu:d In the nelet "clion, can be USN 10 change the name 
01 Ihe hAOSTGENERAL SORT. 

c .... udltorl> I- lilT! .1 ..... 11.1.,.. I • J 

Simple dftlarallons 

,. "\1,,1.,...1> .1'11 ... OPT( c .,.eude .... b I 

Examp." of .hnple declaratio, .. : 

••••• DECL ... [ 11IOVII1I. " I, 
...... CLAltE 1110'II1II ••• cSt ..... C C CIH •• 

Application declarations 

c~I'.c. ,. .• .,. • .,.2 .. 1_11 ... c ....... '''1 I c ..... J J 
..... , .. c. ,- ilL 11 .... , ...... I .... ,_. 1 
•• ret-""" ,- IILTI I ..... 1,..' • .TI'I.I c'.audI .... b I 

I c ..... ,..,. , .TI'I.I .'.eude .... b J 
••• r' ...... ,. 1IE'1I ., • .-....... DP"."_I,II J 

.. "" .. .,. ,- tlLTI.,. .... I .,. .... cl"'~ I cl"~ ...... I I- 1m 1 

.,.lap' I- I . ell.ln_ 
cl.,. ,. L . eMI_. 

Exampks 01 application declarations: 

The meanlnr of this declaralon Is tha. EXP II a. OPCONST, It has two a"luments <ARITV 2), both 
of which art of SORT Int. It also ha' a ,alue of SORT Int. and I, to be uHd a. In Infix operator 
with a rl,ht binding power 01 800 and a left IIi.dlne power 01 ISO. Thil could also be decl:::rrd b, 



FOL Manual 

Stmpt~r dtd.r.tlons c.n be mldt If you don't wish to specify so much Inform.tion. 

dec I. res EXP the SllIIe h lboy~ bUI uses the del.ult infix bindings R .. 5OO. L .. nO . 

..... OtClA'" OPCOIIST UP(I"'.I"'lolnl, 

simply tnallPs EX P an (dinary applicali¥e function. so you must typr EX PCa.b) ralher Ih.n (. 
EXP b). furthrr Sill', l;f;.~'ion can br ilia. if less sorl information is walllrd 

•••• DEClARE OPCONST [.F lnt.lnt'. 

m.bs the ¥llur of EXP hlYe Ihe SOAT UNIVERSAL (th~ MOSTGENERAL SORT). and 

JUIt says it h.s ARITY 2. Of course 

••••• DEClAII£ OPCOMSl EXP 2 IIMFI I 

••••• DlClAIIE OPCDNST riP 2 Il.ISI ..... J , 

h.Y~ th~ obyious mraning. This Ifttion hll iIIustfalN most of common w.ys of m.king 
dft:lar.tionl. There are some other eumpln scatterrd throuChCMIt this m.null. 

SterlOJII 4.12 SORT mlJn/pulatlon 

Th~e .~ RYl'ral comm.nds which affect th~ SORT structure: 

Stetlon 4.121 NOSORT dtclaratlon 

NOSORT I 

The NOSORT conlm.nd turnl off SORT chee.ill,. If '"' SORT. htft alread, been deellred, an 
error mes .. ce will be ,I~n. 

S"rIDn 4.122 MOST(;£N£RAL. NUMSORT. SETSORT. S£XPRSORT 

MOSTGENERAL <sort> 
NUMSORT <sort> 
SETSORT <sort> 
SEXPRSORT <.ort> 
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In FOL certain T£~Ms cClln. with prNreiarN SORTs; 1I',menls becom. lNOCONSTs of SO~T 
NATNlIM. comprehension 'enns. set terlns and n-tuple terms have SORT SET. quote·'erlilS have 
SORT SEXPR. and rh. default MOSTGENERAL SORT is the PREOCONST UNIVERSAL. The .fffet of 
the above eo,nmands Is tG replacf th.Sf default SORTs with thGs. specifi.d by the u~.r. For 
example. In the case of COfdrl-B.rnays-von NfUmann Sft theory. th' t.4OSTGENERAL SORT Is call,d 
CLASS • 

.sttlll". 4.12J MOREGENERAL dtclarallfn 

MOAEGENERAL <Bort> ~ I <lort_IiBb ) I 

For ",ample. 

Is equivalent to th' uiolns 

Yx. (whltrpl.c.(x) ::t chessplece(x» 
Yx. (blad:plecr(x) :I chessplece(x)) 

wh~ chtssplece. whitepifC' and blackpiect are understood to hn. been pre"iou~ly dt'dand 
PREDCONSTs. AUltGugh tllest axioms do not appflr explicitly. tit. qUlntirl.r min bfhav. as if 
th., did (this Is .xplalllN in detail In stCtioa 4.!27~ This establishes a partial ordt'r among tit. 
SORT •• Another typical eumple would be the declaraUon of classes to be MOREGENERAL th ... sets. 

SfCttoft 4.124 EXTENSION d«laratioru 

EXTENSION <predconBt> <ext_set> I 

< •• t_s... ,_ .".1 ..... "[,.a. ALTlUlnl1l .. "., ..... I 
.. ..,.1..... ,_ IILTl <_b I I .. 1..--tlll" I J 

whfl't .ach of the SORTI jp 1h. <prlm.xl> IIradJ hal In EXTENSION deflnH. For .xamp ... 
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••••• lltClA_E IIIOC0II5T U t U lew;s, III ( \lUII!>S, 

..... DEtlAIIE PlEDtOllST IIlCI 11 

••••• UUNSlON IllIIGS 'IU, 

h'."II .... 1 IJlIICS ,. 111:1 

•••• ! EX'~IISION III: INCS 1111:1. 

~. I '"I"" 01 IIrlNeS 'I llIl I 

.tthEXf[~SION nNes \lUNGS U IklNGS, 

E.I."IIOfI 01 [Jiles II (Uk UI 

Page l' 

The Initial Mdautiol' d-:-ciar!5 BK to be of SORT BKING. and WK to be of SORT WKINC. The 
command 'EXTE:NSION RK iNGS (8K t:' saY5 that BK b the or.l, objt!tt whieh utidles the 
predicate BKINGS: slmil."ly. tilt COllllnlnd 'EXTENSION KINe' lKINGS U WKINCS' sa,s 
Ihat the only objt'cl5 wilieh ~atis'y the prtdicate KINGS are thost In the union of the extension. 
of BKINCS and WKINGS. i.e. BK and WK. Thb luquivalent to the introduetlon of the axloma: 

"'1. (JlKINGS(xl' (x.BK)) 
'Ix. (WK INCS(x) • ( •• WK» 
"'1. (KINGS(x) I «x.BK v x.WX) It. oo(BK.WK»)) 

By Usel'. thl. command has no effect, Ht th. lema.tlc Ilmpllflcation mechanism (He Section 
4 .• ' Ule' thele axiom •. 

THEORV <sytname> : 

The THE(\RV C'omllulld may be uSt'd to call up IeYfnl prrodeclarfd ~ysttm'. If 110 THEORY 
command Is ,Ivrn. tI.t ba~lc FOL 5ysltm Is Itntr.ted. i.e. 'he full nat."al drdllctlon 5)'5tfm for 
clau.cal Ioric wit .. tile rx.endrd Inftrrncr rulH. Tht options which art nallablr art 

,_.,101_. ,. III T I "'Allnz I zr I GIll I .. I ~s I III: I 'I' I 

where PRA W tTZ Is tht .y.trlft described by (Pr.wltl 19&5), i.e. without SOt:!Ts or any of the 
,x tended Infr'l'nc:r rllirs sucl. a$ TAUTI Z;: 's ZermrlOoFratnlcr1 srt .lIfOr), (as definrd In 
Apptndb S); CIN Is Coedfl-Brrnays-yon Neumann set theory (.5 definN In Apprndlx oil: Sol and 
55 .... lewis', danical systtms of possibility and neefssity (as defined In Apprndlx 51: and 1(BK 
a.d KIB .... Hlntlleh', 1,'tfM' for Kno"'iedCe aad Belief "'Pectlnl, (see ApprRdlx 5). 

Reproduced from 
best available copy 
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Axiom. are only bril'fly fJIenlionrd Iii the deKription of FOL. In th. ,"Ichlne hnplemt'nted 
version they play the ~allle role II u$umptlons, but th.y do not IpPfar In tht' dt'pendfncy list of 
any step of I rtrdurtlnn, nor are Iht'y printed when you ~how the proof. Thus dulvat ions are 
always relatlvr to all IIl1l1H'l1liolled throry. Wht'n I Iheorent crtlling IDechallhlll h available tlII$ 
will change. Tilt' )y"tu for defining I" axiom Is: 

A)(IOM <aM i 0"> 

whtre 

•• " ... ,. ,. II(PJ( ••• n,., 'c"III" I I 
••• lIah ,. All! <WIt"I" I II(Pll ... I,.,l I 

This allow. for a bloclc structured way of n.mlng wts of Ixiom5, 50 they c:an bt' referred to 
either by somt' plrticular name. or u part of I croup. E.ch WFF in WFFlIST is given a name by 
FOL. This nllltt' I, g.n.ravrd by tlklng the AXNAM and concatenltlng an Inl('ger t{' it. For 
example II the A)(NAIIA Is CROUP Ihen they will be glvt'n the l1amt'~ GROUPI, CROUP2, .. , . 
TheM can then be u$Cd to refft to eaclt axiom. An AXNAM is IlIce a lINENUM and may be used In 
any context that reqUires I LlNENUM If WffLlST Dnly contains one WfF that axioln 15 called 
AXNAM. 

NOrK: rite .,..,.~ eel,. 1M multiple Mlllli •• ,.,1 

Examples: 
.... tAXIOll ., I, VII.~I(., 

VY.~II(y"y,nl I 
c;, W.IkII, I 

This e .... lfs tWI:! axil'm' A and C. Axiom A contains two sub.xio",. nl.VX.~XEX and 
B2.YV • ..(X~V 1\ V~XI. If you prrfff' to thinlc of collft:tiolu of n!o .... 1$ ."tor'l's. tht'le the .yntax 
allo'Vl arbitrary nesting (If rllt'Of'ir), tacll followed by a umltolon. At tbe 1Il0tll.nt no dlreklng 
I. done for Ihf eOJlsl~trllcy of nionl "amn. V ... IoH if you erflte conflicting ones. A"ioms 
cannot be lot rid of, $0 bf ea,.flli. Numbers I" IlOiltcithnlte AXNAMs. 
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Tihrrr art no sp«ial wits for axiolll ~chemas. mrrrly III t'xlrn\ion of Ihe u,r of Ihe rulrs alrudy 
rivrll. Nam.ly. an I!>:il'''' JC/""I4 is simply an uiom with a prPdicale paramrtrr (PREOPAR) ill It. 

All axlolll C~II ht' lmd allywhl'r(' II slt'P can by ,,\ill!: lUI AXREF. Thi\ i\ nf thr form 
AXNAM[PPI ... xxl ..... P~n· xx") and ih !ynt:lll is drscribrd in th. srction nil Vl! .. An AXREF un 
apprar .IIywhrrr a VL can. III Ihr form AXNAM;PP1 ... Xxl .... PPn ... xXnJ. Ihr ['P, ar(' prtdicalr 
par •• nrltn (PREDrAP') :l1'1)('aring in Ihl' axiom. and 11.1.' X)(, ar. propositinnal fUlictinns Hsigllrd 
to th.s. p.UIIlI'II'U. Thl' ;migllllll'lll~ arr dOllr ~uccr\\ivrly rathl'r Ihall slmultalll·,1U\ly. 

An XX, is. WFF prrl:rdrd by).. any nUlllbI.'r of INDVARs and II "." (period). TIIII' I'!:. ~ :or y z.<wff>. 
Tht' ARITY. p. of thr pn[OPAR musl be Iru Ihall or t'luallo Ihr IIulllbrr of \'ariablr~ following thr 
~. Th. illdicatrrl >.·cnll"l'uion on Ihr fiul p variables is donI' automatically. Tht I'rror IIH'ssagr 
"NOT [NOUGat I AMRnA VARIARlES· mrillS p i, 100 largr. Til. rrmaining variabl .. \ ror. 
Irrattd a\ paUlIll'Il'n of Iht tlltirt a '111010. and tht installcr of Ih. ax jom rrtllrllrd is tht' 
uninrsal clo)lIrc of thr alliom with rrspect to Ihese parameters. 

Tht' :. (MIBPA rlT) mrchanism (Ire App.ndix 2) can be usrd to take pircrs out of the rrsultillg 
formula In the u~ual way. 

Ixample of ullng axiom s-:hemas: 

••••• INDVAII XI 

..... DECLA.E INDVM • III 

•••••• 1 IIIOUCTlOIIlf .~ ........ " •• ,\ 

2 W •• I •• lIoII •• hWII.I ••• I •• IIoII •• b" •• C •• II.UI.llhU •• ",.1 •. C •• XIoCI.,,\ 

...... 1 IIIIIUCTlOIIlr.~ 1 ........ 1', 

3 WI. I ••• ,.II.lloWlll. 1I .... ,., .... bll.I ... U '.III1.U.11 hWX2 ' .. X2hcn.XI' 
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Stetlon 4.1 TAt gentration of "till dtductio" sttl's 

N",,.: ",It,.,. ,It,. I'Ilr;n"'"" ,1.11 ra,.d C fI.-" mf'n,ionf'tl in ,lti • • ,.,.,ion. ,It,.,. ,.,.f,., '0 ,It,. tlr~",.i",j"n n/ "'f! 
6a,i,. Prllw;rz 1011i,. ill ,,,,,inn J. 

SteriO" 4.11 ASsrlmf'titllls 

ASSUME <wfflist~ 

Th~ ASSUME C'ollllllalld makl"$ an U!Ulllplion on a n.w Ii .. e of Ih~ d@duclioll For each WFF In 
WFFlIST. Not~ that ,Ia. d('p.nd~ncil" of • line .pptar in parrntlleus at the (,lid of a lin •• and 
that auumptioll$ del'cnd upon them$~lvrs 

1 " •.• u (11 

..... IISSUll[ """!Jey ... v".ycy, 

2 "1I.\lell (21 

3 "W\I'\le\l (31 

SHIll'" 4.12 '''tt~llIrti(l11 and EIi",'nation rul,: 

Th~ c~nerll for III of a J..'ULl ~AME is 

.... , ....... , •• I09,ona" :ILl! ! I t I 

wh~re I sl.nd$ for hlfrndllc:lioll and E for elimination. The format of a command is: 

The LlNENlUNF'O is. different for flch rule. This is. expla"M below. We will use • to Soland for 
an arbitrary VL (wt sretion '.25). In Ihe _scription of some of the rults It is nt'Ct'$Suy 10 
dl.tln,ul,h amo"c se".ral Vls. In 1111. ease we wrUt •••• 2 ..... We will wrilt 

~l e"e 

ra.her thin 

~l <vI> " <vi> 
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Alternatl"e alphabftic RULENAME, will br gl"en ha parent"e,r, after the standard 'lilts. These 
usuilly corrf~pc)lId to olhrr frff)ufnlly USM names for IhfSf rull's. Thus MP (modlls "ontons) 0," 
UG (universal gl'lIeraliutloll) .can be used. instead of :::>1 or VI. 

All co"unas in Ihe~l' rulfs are optional. This will 1101 be tnell(joned flCplicitly in Ihe following 
HClionl. Thus a ": appearing in a rulf spec:lflCltlon It is to bf Ihought of IS OPT[.). 
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s"aon 4.J2/ ANO (II) rultS 

Introduction rul(, 

AI (AI) 

Th£ lINENUMINFO for III is any parell'hr~iled conjunctive rXiJrrssion in ... !lich all con.jlll,cIS iue 
VLs. If 110 parl'ntht'u's app(,ar (rvt'll in a subuprt'ssion) .ssociation Is to the "ght, thus 
..... ( ...... "'.) .... III('aIl5 ."«.,,( ..... )),,.). AND 15 always a binary connl'ctivl'. Tltl' "k" and ": are 
IltrrnlUvts to tht ..... ,ymbol. Tht deptndtncie, of a lille are !hosr lINENUMs I1ItntiOIll'd. 

EJim Inltlon [tilt' 

... E (AEI • OPT! All I. 1:1 ALTIll21 <Iubpart> ] 

I plch out tht flnt conjunct. 2 picks out the secolld conjunct and SUBPART picks the 
Ipproprlatr slIbpart. For the drFinition of SUBPART 1ft' Appendix 2. The drprndl"ndl"s of tht 
result are th. &lmt IS thost of.. Tht first command in tht tum pit could hl¥f al,o bftn 
wrltttn -AE" 1;. or -"E 4:1;" or "AE 4:'1:-. 

..... R[ 4,1112, 

•••••• 4.,111,11 

T ........ lyooIIe'.f Y •• CIM,C.I '1 ... , III .. 

..... '" 4.131 

I" .he ......... b .13 • , t. I ........ 
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Sution 4.122 OR (v) rultS 

vi (01) 

OR's InlY br parl'nll'l'\i71'd just lil<l' AND's, but al Ira\t ont disjunci "1101 Itl' a VL. Any VL~ 
It .. '11 will (l1I\r thf dq"'"d,,"cil'~ of Ihat linr 10 br includl'd in tho~l' of thl' rnndu\inll. A~ with 
AND, auocialion i\ to III .. righl and OR is binary. 

Elhninatioll rulr 

vE <OE) e e) 

• Is Ihp VL nil whic·h :I di\junctinn Av8 apprars e, and e2 art' bolh VL~ \lIr" Ih.1I el: ilnd e'!: art' 
both p'Jllal In thl' WF F C. Thl' COlldu\ion of tI,1s rull' is thl' wrr C. Till' Ilq'I'l1!ll'lIrin of tltl' 
conchnion arr Iho'l' of • ~Iong wilh Ihost' of -, which arl' not "'1ual In A a"rI Ihml' nr -t not 
equillo B. Rl'llll'mbrr Iwo wrFs art l'IjIiJI if !hry difrl'r only by I chall!:" of bOl/nd variablt' In 
tht' t'x."'plr Iwn IIIU!'r!'1I1 command, art' g'"rn. Nnll' how Ihe dl'pl'ndrnd,.\ Arr Irralrci in rach 
cast'. 

• •• "A5SU"[ Ilv]I, 

••• e~OI tvl: 101 ",v)1 

J. 'I •• w, h~""',"'I'" 

•••• 
Il '1\1.\11\1 •• '1.,. • .,.'\1 
...... [ ',1'.11, 

12 '1 •• 0' ",'1""",(\1 

tttttw[ ',1',11, 

II ••.• ,.v .• "'.""\1 
••••• v[ '.11,11, 

14 •••• IXv •• \I.\I' \I 
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StCtion 4.J21 IMPLIES (:» rultS 

~J IDEO) AL T [ .=>. I <III f>:>. 1 

Tht difft'rrnc-r br.wrrn a:>. and <wff>~. 15 Iha. in the forlntr U\t' Ilr,'l'lIdl'llcir\ of .hl' 
cOJ!clusion whirh ur 1''1":11 10 Ihr hYI,Olhtsis arf drlr'l'd. A comma h an :lltrrll:l.h·r In Ihr .. ~ .. 
symbol. III olher \Iylf'\ flf prt\(,lIlilll: finl ordtr logiC Ihi\ rulp is ullt'd thl' drduc-.inn .hporrllI. 

16 Yo. 01 O)Y..... III 

Elhn inat in "_ ,,~Ir 

The order in whit'h thr U!!"llll'lIh arl' ~ppclfied Is Irrrirvant. Thb h fht' cla\\iral mil' mOlius 
I'0n,ru. Tht' dl'.)('ndl'nt'il·\ nf Ihp COlldluion are the Ullioll of Ihe dt'pl'lIdrncir\ of both Vl \. 

" .. .,[ 1,17. 

11 v..... 11) 
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SWill" ., 374 FALSE (PAUl·:) "do 

IlItrodu(Iin_nJlllr 

FI II ,.2 

If "1 is of thl' rnrm A. tht'I' 12 mlul b~ of Iht' rorm ~A (or Ihl' nlhrr way :lrnlllldl. Tilt' 
cOllclllSloll h jll~1 :hf' WVF "J-'ALSE". Its drprndl'ncir5 are llit union of Iho\(' of -I and -2 . 

••••• FI 1,31 

J9 FALSE II 31 

Elltnillatlnn rull' 

FE I AL T ( II I "'~If h ) 

• must bl' of Ihl' WFF "FALSE-. A nrw lin, Is tnlt,d with l'ilhl'r II: or tht WFF "Iu-dfied hy thl' 
Ilttrlllli"t. This rulf "ay~ thaI lllylhing follows frolll I contradiction. Till' rtrprnd(,lIdr~ (Ihl'rl' 
had b~tf~r br snlllr) art' jll\1 Ihn\t nf I. 
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~I IN!) • 
• 11111~1 be Ihr WFr "FA) SF.

ft

, The conriu\ion of the rlllt' i\ the nl'galion of .1: or tht' wrF. Thl' 
dl'pf'ndl'"cir~ n( Ihl' roudll\jnn arr Ihn\t' of • mjnu~ thl' on('\ 1''1"al in .1: or WF r, 

·,.(.~I 19,31 

EnluJnl1 !'!nJlllr 

..e INEI • i'lL 1 ( .1 I '=I-If f> J 

• III lui bl' 111(' WI r "fA UiF.", -lor wrr mU$1 han thl' (orm "A. Thr ronelll,inn j, A. The 
depl'ndrn<'lr\ arc' thO\(' of -, minll\ :Illy I'qual to ~A. if 'hi' rIIll' i, nlllitt,'d (IIr ,imply IInl "\I'd' 
al1d only Ih(' ialrnrluclinll and rlilllill:llion rules art' usrd Ihl' Jlronf h inluitinnj\tjdy \'.1 lid. 

~. rALSE 13 131 
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Stet;"" 4.1.'6 E(!"/I' AIJ.N(£ (I) IlIlrs 

-I (EI I -:--

Elthl'r II i\ of rill' fnnll A~B ;Inct -, i\ of Ih. form I1:::1A or virr vrr~a. Th., {nlltlll'ion i, A-8. 
Tht' dt'prlldrlll'i('\ our rh(' unj"" of fht' drpl'lldl'lIcirs of II .lIl1d 12. 

-E (EEl I liLT [ ALT[~ll) I ALT[o::121 I 

If I is of thl' forlll A-n thrll thl' fint altrrll.lllivt' "rodllct's A~D. thr ,rrolld R~A. Tilt' 
dt'p,"dt'ncit's art' tho'l' nf I 

Reproduced from 
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StCtion -I '27 (~(JANTIFICATI()N Tufts 

This Is an ualllplt' of a proof u~ing alllhp qUIII.ificali nn rules . 

• , ... ·E I 11 

., ... ·E I 21 

..... Y( Z " 

4 ~II.PC.,\I' (II 

,.: :: J[ 4 10, 

I; PC.,bl (6) 

., ••• ,[ 5, Ii 

7 PCb," Cl 61 

...... 1 , 71 

..... :1 • "'\II 

Reproduced from 
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Stction 4.1271 UNIVERSAL Q!..'ANTIFICATION (If) rlLlts 

In trodu<:lioll rult' 

VIIUGI ., REPl! OPTlflLT[<indv,)pl<indpar)l .. l <indvan. OP:I,II 

S~vt'''l simuliallrOIl\ IIllivt'ual gtllaliuliolls on I call ht carr it'd 0\1' wil" lhi~ ('Olllmallli. For 
~ach ('I«'tnrlll nf t\l(' th, (rjlht'r " or a"~) I nt'''' univt'f\;I1 'l"anlifi('r (V:.l i\ p .. 1 al Ihr frO"1 of a: 
(wil" " ror .11 ht't' onllHt'II<:U of I i" th' ~ond (1 .... \ and a nt'w linl' of lilt' "('rivation is 
cr('atrd. 

H,.m,.,"""" ",,.,.,. ic n ,.,..,,.i,.,;,," 0" ,I.,. "/I/t;,./I';Oft 0/ ,iii. n,'''' "nm,.lv .It,. ""''''v ""nll/ili,.tI "nr;,,"'f' 
mil .• ' nIl' n,','f'ltr /r,.,. ill "".Y (II ,III' d,.,,,,,,d,.n,il" 01 I. 

In tht' t'umplt' VI (I("('un 011 linr~, Tht're is nOlhing frrr in th' WFF 011 lillr I (lillr 9 .. only 
drpf'l1dt'ncy) so 'hI' gl'll('laliulioll is Itgll, NOlier Ihal fht' "a" wu cilangrd fn an "le", "a" cannot 
bt' gt'l1t'ralizt'd. a\ il i, all ItJOPAR. 

Elimin.linn !J')I' 

VE <US) • < tern!\ i!Ot> 

UlltYrnal \pt'dfiralinn "'t'\ thl' '''rlll' in Iltt (tt'rmli,;) to installtial(' Ihr IInh'('nal 'l"alllifirn in 
tht' ordt'r ill wlliclt tlll'y appl'ar. If I particular tt'rIII Is not frt'r for till' variab!" tn br 
InsUntlatt'd a bOllnd Y;!~iahll' du,"~(, ;$ lIl.eIf Ind flttll tltt' subslitutio" is madt'. Tht variablt' 
crt'It~ Is dt'c\alt'd 10 Itl' all INOVAR of tilt' correct SORT, 

Llnr .. and 5 of Ih. fumplr wtrr trt'llrd by this flilr. 

Reproduced from 
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5ution ~.J:!72 E)OSTENTI,fL Q!'ANTIFIC,fTION (3) ruin 

,"tr(tdllctloll rlllf,' 

31 iEG) •• REPIIOF'l (-If""'> .. } < ,"'\var> OPT [<oce Ii '3bI.OPTI,) I 

Thl' Ihl foJlO\\lin!i • ,I'll. IVhich TEr~M, :HI' 10 bl' gl'lll'r,1lizrd. If Ihl' ol)lional "rnll) i. prf'!'III, il 
i5 finl rrplac('tJ hy <illd,'ar> al raeh nCCllrrl'llCt' lIIt'nlionrd in Iht' <o;:rii,P. Thl' WrF on • i\ Ih(,11 
grnrralizl'd and 111(' nl'xl thillg ill Ihr Ii" is comidl'rl'd. Nolin' Ihat no ml' rail hl' lll:ldl' of an 
<ocdbl) if thrrr j, 1I0llRM prr\""I. Tilt' lIIuhim' will ignnr('\uch a Iht III Ihi' ('3\1'. Thr 
deprlldl'llcit'~ of Iht' con(lIniolt art j .. ,1 Iho~ of •. 

(ocrll~j):. 0('.('. <nrdrrlllltllllllllhl) 

Tht' <ordl'rnallllllllli'P h :I Iht nf 1I;1I1Ir<!1 IIumbl'fS in ill(fr;l\jn!:, ordl'r. 

In IIII~ (')lamp'" l':"Ii"I'n"al ilitrotillflioll is dOllr 011 lilll' 'I of till' proof. Thi- j, Ihr 1Il0\t 
inlt'ruting linr of Ihh ('x3"'plr. You will nolt' thai Ihr drpt'lIdl'lU ir\ or Ihi' Iilll' art' '10( al'> 
dt'scribrd abo,'" "('cau'l' nr Ihr prl"'jnll\ rxistrlllial t'lilllill:llioll. Thi. is rxplOlinnl Iorlnw. 

'!'~.t 

;'7 r hlv-f (., 

, .... 31 U,,·,~ oec 11 

tot ••• WI 4'a •• 1 

Elimination rult' 

3E IESI ., REPllflU ( '- inclv,'r~ I .-indpar> J ,orH,)) 

Tht' illll,I"lIlrlllalinll nr Ihi\ ral(' I, "If' 1110\1 radiully dirr('rt'1I1 hOIl1 I"r rorlll.11 \I:1II'lI/rlll L!h'rll 
,bovl'. Tltl' mil'l ilrll"'IUlIIII, in j':i nllll:11 rrunning In lhr fnllmvill~ ~ ill" nf ,111;11111"11'. 'iollpp"'r 
wt' havt' ,how" Ih.11 <""\I"hill:~ (',i", with ~n",t' 1'lrlit'lIl;u l)follrrty, I' \: ]\'.1'\;1,,1. 'l'h(,11 \\1' \.1y 

Mcall Ihis Ihillr! ,,". Thi- i, lil.r 'ayill~ ASSUME P(a.b). Thl'n Wl' ran '·(,.1'1l1i ,11111111 II :\' <non a" 
Wt' havl' a "rlllrlll'l', howc'\'('r, Ihal lin Inll!:l'r l11t'ntioll~ b, it i\ a Ihrnrrlll ",I.ie II .Inl'\ IIfII IIt'prllll on 
wh.t wt' calkrl .yM hu' ollly nn Iht' dt'I'I'II~a"cit's or Ihr t'xi~'rlllial "all'lIIl'''' WI' \I:lrll'd with. 
Thus Wt' ~a" ('\lIninlllr I'(a,b) from lilt a~su.,'plion~ of Ihl .. Ihearr'" and ttl' I", r Ihl'm wi,I, '''O\t' 
of the .uunlptlmu nf 3y.I'(a,y) 

Reproduced from 
best available copy 



FOt Mallllal PagE' :JI 

The machine ilJll)It'IIII'IlUlioll Ihui nukts tht corrt'cl a\~ul11plioll ror you. rflllf'IIIhl'r' il and 
tJlltO'll'ltJtically remnvt'\ it lit tht fir!tl 11'~ltimltr opportunity. StYPral rlil11inalioll\ ran hI' etollP at 
once. 

'" the e)lallll,lr all l''(i'II'IIIial tlimination was dOlle crratillg SIt'p 6. Thh lillt' arlllally ha\ ;n iu 
REASON Ihal it wu "S~UM(d. lint' 8 thus dt'pends 011 it. Wbt'n "IP Pxi\It'111i.ll ql'lIrralilalion 
was done on thl' IIl'xI line. b nn longer appeared and \0 lille 6 wn r(,lIIo\'('d from Iht' 
dt'pendancjr~ of lint' 9. A IIstr should Iry to convincr himst'lf that ,his is (''luivalrI11 10 Ihl' rult' 
Itated a' tht' brginnill!: of Ihis manual. 
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S,,"01l 4.127J QUlln,i!i" rultS witit SORTJ 

The following tlble dl'scrlbes .lte effect of .he qUlntlfier rules in .IIe prrsl'llcr of SORT and 
~EGENERAl declarations. $uc:h 'hat p Is of SORT P. q is of SORT Q.l!nd r Is of SORT R. alld R Is 
~EGENERAl titan Q. and Qls MOREGENERAl thlR P 

V[ VOl· 111'1) VIII· 1'l1li1 VIIII··lql 

1'.1 1'111 QI,':»I'., 
VI 1'l1li1 a'III 1'l1li1 

V •• A'.) VII. 1'l1li1 .',..,. 

][ lOII·II'I) ltI·IC,,1 11lll.AI'I1 

.",..r AlII' A Irl 

II A'II' AlII' AI", 

PCllh3tt.Alpl ltI.II", Jr.llirl 

I 

As In ,xamplr, It is pO$sibl, that you might tfy to instantiate I ,lariabll" to a 'l"rln whnse SORT is 
MQREGENERAl titan tlte quantified yarlable. In this cas· the result 1)f Ihr specialization b to 
crelte In Implication I"ertlnc .hl' If the term were of the proptr SORT tht'll .he spt'Cllllzltion 
hold.. If th, Ylrilble il ~GENERAl than the term th'n th, ulull WFF' Is feturn!d. 
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St(tio" 4.1J TAUTa""TAl1TE(.~ 

TAUT <!-Iff:> • <vilis!> 

Thh rull' drridr' if Ihl' WFF\ (0110\"\ a\ a lautological rOIl~r'1urlltr of thl' Wff, mrntionrd il" thl' 
VLlIST (rhl' IIOljOIl of VllIST is drfillrd ill Appl'lIdjlC 2). III Ihis rut' WrF h condlldt'd ::no ils 
drprlldt'ndl'\ art' Ihl' uninn of th(' dt'pt'ndrncie~ of rach WF'F' in Ihe VlllST. WI' think this 
algorithm h fairly rffirirlll alia Ihln ,hould be usrd whrlll'\'rr pl)S\ibll'. 

TAlITEQ illlpklllrlih .• llrci\ioll prnndure for Ih. Ih('ory of rqllalily and "ouy prrlliralr\. 11'0. 
Its synlax h Ihr \31111 .1- Ihr TAlIT rlllr: 

TAUTEa <I~fh • ~vll i~t~ : 

This rull' drridr\ if wrr follows frolll the WFFs lIIf'nlioned in Vllr5T ill Ihl' .1bnv('-lIu'nlionl'd 
theory. TIIII~. anylhill!: thaI rill bl' proYf'11 by TAUT till abo be proYl'11 by TAllTEt,t bUI 
TA UTEQ. nils 1II0rf' slowly II,.n Ih. TA UT ru~ . 

• • ••• O[CLAA[ PP£OCONST , 1 Q 11 

.,,,.O[ClA~[ OPCONST f 11 

tt .. ~[IrClA"£ INaVAR • ~I 

ttlttTAUTEQ ".11) (PC, 1 ,PIli' 1 I 

1 •• ..,., '.',"bl, 

lOUGH lUCk 

10UGH lUCI 

The formula :I"h:l(r(:ll l'lb)) cannot hI' prnyrn propo~ilionally: TAUT would \jllll,ly rl'lIalllt' (.-b) 
to a new PRfDIW~ wi.h ARITY O. uy PI. P(a~ to P2. :U1d PCb) to P'. And .h .. 11 Iry 10 l)Jove 
PI~P2.P3). Tilt' fnrllllll:t (a-b):>f(a)·f(b) cannot be proYrIl tly TAlITEQ. sillu' T" lIT .. :Q. dot's not 
know about Ih. argllllll'II" of fUlltliOIl', 
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Ster,on 4.34 Tilt UNIFY Command 

L'~ I FV <I.1f f> • : 

This command trit" 10 l'~I;Jbli\h whl'lht'r tht ~~'r:F is • eolt\equenet he VL are 

I n.PI.' 

H.ttUNIFY PIfIlIl 11 

~ PIIIOIi 

, •• , UNIFY jX.PIXI II 

J ) •. PII) 

.n step 2, Ihe UNIFY IIIl"cJ.3ni\1Il rt'col!lIi\rd that p, a"Illil'd to allY TERU fnllowrll fro ... VX.P(X). 
Mo,~ aggrn\ivrly, 011 linl' 3, it rl'('fll!lIi\('d IIII! that YX.P(X) implit'\ that JX.POO. Thr;l' art two 
Ihnpl. ras.~ of .h(' u\(' of .his commAnd. A more COIllI,lieated p"alllpll' h: 

1 1_ •• '. \PIU.QZIJ,YlI III 

..... UNln 311.P III) vlW. VZ.Q2 (lI,ZI 11 

Noticp Ihat, hi both of tht rxamplrs above, Ihe propositional structure of WFF wu Ihe ~am(' as 
that of the VL Thi\ rIIlt" h dl'~ig"t'd to "a"dle eXietly tllb caSl': namrlr, it i\ dr\ignt'd tl) handle 
the '1u.nUflpr lIIanilllllalinns Involvtd in Implications betWPl'11 WHs with shnibr propositin"a' 
forms. 
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SutiMI 4.' ~ S(I Il.'iT IT( 'T ION IIi/I 

SUBST -I IN -~ OPT! DeC <ordernatnuml ist> ) 

If flip major ('onnrl'livr ill II i~ • or • Ihl'1I (makillg aJlowancl'\ for bound \'lIriahlr rhall~r\\ Iht' 
ot:t'lIn'nc('~ of 111(' '('(1 hand ,id(' nf ., which appnr ill '2 will bf' r('pl:tl'('d by llor ri'::"1 "and -illl" 
of -I, If an oc('urr(,lIfr li\1 ilPpr.1r\ nnly Ihos~ lisll'd will grl substilufl'd . 

• :' OPT! acc <ordernatnuml ist> ) 

dor~ lilt \allll' iI\ SUnt.;T h"1 mb\Iilull'\ Ihl' Itf. hand 'idl' nl -I for 1"(' ril:hl halld \jlll' of -I in 
-2 

Ordinarily, f(,) ,;Jnnnt IIr \lIb,tiIUlfll for y in V)(,F(x.y) 3\ Ihl' x ill f(x\ wnllllt IlIl'n IlI'lolIIC' 
bound, i.I', fIx) i\ nlll J'''' frr 'I iu Vx.F(:II.y), FOL a"lonl:"ir~lIy h~ncllr\ Ihi_ ('(",flid III lJllulld 
variablr' ill a ".h\lillllj"'I: Ihn\(' nffllrrnct'S of a bounll v:triablr whirh "ill c".," a ,'nnflit'l :lfr 
challgrd, Th",. if IIlIl' Hit·s 10 ~ub~litlltP f()(1 for Vx,F(:II.yl I"l' grllrl'alrrl "lh\lillllinn in\1.1!1«, 
will lIl' "x 1.1-'('11 1,(f('II I) Ilrr:" i;,!' IIl'wly l'rraf.d variablf' \vill hIVI' thl' ~alll(' SOPT 01\ x if SORl, .ut' 
bring u\rd, 

Tilt' 'III''''' variabl" h nr~tl'd by cOII\idrring Ih~ 'old' variable to havl' Iwo par": a prl'fi:\l whkh is 
tht' idt'nfifi('r up 10 anrl indlldillg irs la\I alphanuml'ric rhara(rl'r. and :\11 iudrx, C'ilhl'r I'lIlpty or 
a po!oilh'e intrt:j·r. Thr nt'w v:ariablr which is gelll.'rall'd will havt' thr ~:"lIr prf'fix, :lnd an 
incrrllll'lIlrd Indl':II, For this purpn~l.'. an rmpty Indrx b cOlUidl.'rl'd 10 br '0', 
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St(tion 4.4 $("/l111(i, fIt,lt'Am(nt and Sim.plification 

FOL h ('onrl'rnrrt wil" ;'hr.-Un!: IIlc,'.rlllS in I rir~',nrdl'r lall\:uagl'. whit h Ihr lI~rr ~II('rifir\ by 
making d('dual",,,' Thi~ 1:lilgll,\(;r i\ Ihrll a 'trllrturr L.<P.F.C>, whc'lr r i. a 'rl of 1'1('lIi(;1IP 
sYlIlboh, F a \1'1 nf fUlIl'linn \ymb"h. and C a \pt of rOlutanl sYlllhnl .. , A III"'"'' of 1, is a 
'tructurt' Me<ll.I",F',C:'), wilh 0 a nnll-('lIIpty \pt, P' a \l'I of ,,-uy Ilrrlticalr\ nn 0, F' a 'rl of 

(uncliOlu IIu(1pilH: nn inlo n. alltl <:' " \"hll'1 of O. A II ;'l/(ll'rtrtlt'(1" nf' in M h a lIIap whirh 
§pl'rifip\ whkh 'YlIlh,,', i .. P cnrrr'I'""d 10 which Iltt"ficalt' ill M, \illlil;lIly fot f alld C. Thl' 
hnplrlllt'lItiliUnn nf 'rlll;l",i( a",~. hllll'lll has two a\l)l'r": 
(al Iht' rUt!lel,moll lIIC'fh:llli\1II whirh :llIows Ihl' u\rr In 'I,rdfy Ihl' nt'irrl\ in thc .. lUrid wllirh 
(orrl"pond 10 'YIlI"nl, III Ihl' 1:"I~lIal:1' "nd !'I(( !'rrsa, ""d 
(b) Ihl' IIm/,fill,) whit It rri.·. 10 1'0111 I'" Il', ill 1I1l' modrl, Ihl' \'.1ll1r' of FOI "'I pn"'inn'. if' it 11\" 
Ihe notioll of S,I/, If',III/w,·. 

For p"a,""lr, \\i(' lIIi!:hl ,."urial,. wilh function ~ymbnh III .. rorrr",n'lIlill!! 11\" flllli lin"" Th(' 
OPCONST '. mil:h' hr 'f'III:llIlirally :lII,\(hl'd 10 Ihl' 1.1\lt funclion, PIII'i, ;11111 .hl' IIJI" Iltr,T.. 'I' 
Ind '2' (i.I', Ihl' 'w",o,r'l) ~",1fht'd to '!:C' T/""'/o(TJ I :1l1d ~!, ~n Ihal all r\':\hl,lIillll nf 'I.:" in Ihr 
modpi wOllld !:il-r Ih(' "11"1"'" 3 U:tll an~w~r .thl' ~i",plifil'r would Ihl'lI ... ·t'"" Ihr )I~/lCIlNr;r '3', 

Not~ carrf"II~' 'hal Ihr 111.11' frnm I. into M alld Ihal frolll M had, In I. IIU) !:.' ,'01I(i'11, i.r. Ihl're 
may bl' symbol\ ill I. \~"icll hal'r no d~finrd illtrrprC'latinll in M. allil "'1' !Iron'" of 
simplific':lliC'lIl wilh Ir'pclt In Milia), !!l'nl'Ult nbjrch in M which hal'r 110 1;lIInllh'al .. ymhol in 
L, Th~ FOI. ~ill1plifit'r \illlpliri('\ \1'1I1""r(', 10 Ihl' maximal po\siltll' r,ll'nl, .. ,ill!!, Iltr rr\IIIIs nf 
computatinn wilhin thr IIIndl'l, :" wt'll on any rrll'vanl infnrmation :lhnlll Ihl' Unrrrd ON and 
SORT !trtlclurl's which till' liSt' hu d"rinrci 0" L. 

FOL .lIow, Ih~ u'ignlll~1I1 nf arbltr.,y LISP functions or la",bda-f'lIC,'rp~'lons 15 the 
Int,rpr.t.tiolls nf prrdicat~ and funcl ion symbols, 
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Staion 4.41 TAr ATT ACH (o,","4nd 

ATTACH OPT(-) ALT[ <predconst> I <opeon.t> <indeonst» ~._eKpr> 1 

<9_elCpr> 
<8_elCpr list> 
<dotench 
<atoftl" 

: - ALT ( <ato",> I « <,_e)Cpr list> OPH<do\end» ) 1; 
:- REP} { <s_ekpr> 1 
,- • <S8Kpr> 
,- ALT( <identi'i.~> I <~atnul\I> 

Pagr 3'1 

Thi$ command allow\ for the definition of the map~ from the FOL languag" Ihat the tut'f ha~ 
defined inlo Ihr I.ISP f'lIvironlllrnt \~hich he wishes to la"e .u the modl'l of hb lan~uage (and 
vi(t fltTM if the ATTACII. option tal. ... n). 

PREOCONSh and (lP(IINSh may be attached either to atom~ wllich arr the 1l;IIIH'~ of alrl'ady­
defined LISP fllllctinll~ (i.e. ont'5 which have I SUDR. EXPR or MACRO prolll'rty. including of 
course all tht' .\Iandard Il.lSP fUllc,jons) or It'gll LISP function. lal1lbda."xprp\don or micro 
definitions. The aHartllllC'nt IIIl'chani$1n cht'd:5 that 'he fUnctioll5 (t'''('('I'' SLJIlRs) being 
att.dled hue tilt' corrN't number of arguments correlponding to 'he ARJ TV of '"t' F'REDCONS T or 
OPCO~ST to walkh the attac"ment b bein. ma.. lNOCONsr, m.y be IHathl'd to any S. 
exprruiolt. 

.. ... OECLIIIIE OPCOIfST tll.TtKI!, JIlTEGE~I.JIlTEGU IINF! I 

••••• ATTACH ZERO '1 

ZEAD .".ch_ .. ,_ • 

••••• ATTACH ONE II 

ONE .tt.e ..... '0 I 

..... O£C\.II«[ OPCOHST eM COilllISTl.lIST, 

.~.~~O[tlAR[ OPCONST CDllSCS!X",SEXPRI.SEXPR, 

lu.,ATTACH CAA CAlI, 

..... ATTACH CONS tOIlS, 

.... to£CLIIIIE IIIOVIII A • L c •• '" 
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StcticlIl 4.42 TAr SIMPLIF}' ((I"I"',IIld 

SIMPLIFY (All '11110> I <vi> I <I('r"l> 1 : 

This C"-_ malld tHtd\ Iht \illlplifil".11ioll or all FOL \"lIlrllcl' hy romp"Iillt: wilhin ih "'0,1('1. 

I,t', Iht' ~i"'I)lirit';tlion 1tI('(lIalli\~1I altrmpts 10 find. ill tlt(' 1lI0drl, obl"'I' u.I'ir S-I''(IHr"ioll\) 
which cortt'polld 10 'y"I:'lrlit' 'ymhn" ill th. \(>IIIl'II('r. IF any arl' fmlllll.lhry al" J:\',\IU:lIl'ct ill 
Iht' normal way. Thr \iml,lifirr Ihl'll ;!"rmpl\ to fill" ;'I Irrm ill Iht laII,:: ":1!!" '\'Ilich '"rll"I)oIHI .. 
to rhi, pvahl;'!lr" rlltily III tllp ('3\1' of VLs and ldHh. Ih(' orici",ll "'IPI"'lflll i\ rl'llIl'lIrli. 
logt'lht'r with it' 111:1' illlally ~illll'lifil'd form: if a Il'rlll (':'Ii", in II ... laIlI!II:tl:r for tht' 
sitlll)lificaliflll, 1111'11 Ilul forlll' Ihr li.::hl Itand of Ih,' "'1lulilY, (Till' 'iml'lin ... i, aw:ul' Ihal 
NATNUMs a 1111 1.11.;1' IIlImlln' ror.-rlpolIIl 10 raeh othrl). III Ihr raIl' of Iii I \, .1I1,lillnl'-III\,. if Ihe 
rt'~ .. 11 of 'implifit ;111"" i\ a Irlllh·,'"II.r. tht' WF'F' or ih IIq:alioll i- H'IIlIII,',I. "hit hrH'r b 
appropriatr, Tltr \illlplifiralioll il "anird out to Iht' maximal ('Xll'nt. 

In tilt' Illodrl d('finrd by Ihr allachmrllh mad. abovr. thl' followinJ: 'lfflll\: 

~I PO.ONhl 

CAR (' CR 81 IwA 

In addilion, lilt' lilllplifiration Illl'Challi~1I1 taitt's into accolIlIl any information Ih.,t i~ availahle 
about Iht' SORT and [)<TENSION d('claralion~ Ihlt hlvt' bt'l'n madl!, For (,lIallll)lr. rrlllt'mb('rillg tht' 
",a"'pl. on r:oclrl1\inl1\ ~ivrn ill \rrliol1 4.124: 

... "nECLA~r IMIICONST I~' enNes, lit., IIIIIICSI 

'::. :n[ClR~f rPIOCONST t.INGS I; 

:::::[J1[NSION IIIINes IBnl 

(-'enIIO" of 81INr.~ " fin 

:::: :[X1[NSION UlINeS 111111 

£o"nIIO" of III ING~ " C18:1 

'HuEU[NSION I IMGS III: IIIGS U 811NeSI 

~'"1.8U 
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Sutton ".4 ~ A/I\;/j,H,,/ FU NCT ION ((rJinition 

FUNCTION" funC' t ion·~_(')(pr> : 

Thh allnw~ 111(' d"fillilinll of <fullclinn·\ l')Cpr> 1$ an :1IIl1iliary tISI' fullrlinn If thr '"Ilflion 
d~finllinll i~ a Il'~al (\ (':cpr> which i~ nol a Ifgal Ut:P funrtioll '!l'filliljnn nf IlIl' 1)E or 
DEFPROP ~ort. all ('rrnr 1IIl'''agl' will hl' ginn. 
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ThuE' C'0I11!!':111111\ IIIAnipulalr fhl' IHoof checker bUI do 1101 directly altrr IIII' ,,"rrl'nt dfdllclion. 

LA8r:L AU I ,i rI,'", , I rlPllt ... ~ I i n~num>l 

III the finl ca\I' tllr flf'" Ii ,II' I!.r prnnf rhrd.!'r grll('ralr\ will !:rl thr !.lit'" 11'1 I II III I hI' 'rollul 
thl' LlN[NUM 1III'lIli""1I1 will hrtfllll" 1;,I,rled by IDENT, Lalli''' art' alll'rll~liv'" tn Vl \ .11,,1 ('all hl' 
u~ed in any pla('l' IhM Ihl' 'Yllla'l( r'pt'(1\ thein, 

S(((;O" 4.'21 rl" r F.or, Ii (Om"""I.I 

FETCH .-fi l"n"'I1'~ IIr! r FRnl' ..... ',kb ) OPT! T(l .m,lrk::- ) : 

Tht FETCII \'OIllIIl:lIId .r:u" tltt' filr I(ilrlllllll'>. allll ("Ullt!'\ any FOl. WIIIII!:!!!(" ill Ihi<. fill'. 
FOl I('crpt\ \t:lllIlard ~t:lllford lilt' dr~il!nalon. If marL. 'pr(ifkation~ :ur I',r\rllt, thl' filt' i\ 
only rtad within fhr lilllil\ whirh Ihry ~ptcify. The elrfalllt FROMtTO arr thr br!!illnillg and 
thl' l'nd. rr\I'I'('Ii\'rly. of Ihl' fiI.-. Thr ('olllllllnd, rt'ad durillg a fttch arr IInl prilllt''' in thl' 
backllp fill'. FETCllr' lIIay hI' nr\l .. d 10 a dl'plh 01 10. 

SUtiMI 4 5:' ," T lot' AI .ff{ 1\ ("'''''1,,",/ 

MARK <tokrn, 

This COIIIIIUIUI ha\ lin ('Hrel nil fhr I,roof. bUI 'hlll'ly plul" a ",arL. in th" fil" whirll th. 
FETC:" cOIII ... allll nil 11\1' to drlilnil Iraliillg or tht filt. 

BACKUP "f i I p. "."" •• " : 

Whl'lt FOL i .. initi:tlilrd, a fill' callf'd RACKUP.TMP h 1III0ma1lnlly rrralrd. All cn"" .. lr inl)1I1 
from Ih. 1I~"r i\\avl'" 011 fhi" fill!'. Tlti, commilld clo!>f'\ Ihl' \'lIrrtlll badull ril", :llld npl'lI' a 
nrw on. witll lilt' \I."·dfird rilr II a III t'. 
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Stction ,024 Tilt CLOS£ cO/ll/lland 

CLOSE : 

This closes alld r('opt'lls tht' backup file. Normally the bachp file Is writ tell every five steps In 
the proof. but this cOlllllllnd elllbl('\ Ihe user to lave the state of his deduction It Iny pOiiH. 

S"ti01l 4.'2' Tnt COMMENT ((l"I"((Hld 

COMMENT <delimiter> dpl(t> cciciimiter> 

When .ypre:! at the top.l('vrl. Ihi~ ill~('rts any text between the delimle,. Into the baclcup file: if it 
appear. in I FETCHed fill'. tht' I('xt is i,nored. Of couru. the d:!lImiter lIIust not .pprar In the 
text. 

Stetion f.H TIlt CANCEL CO/ll'Mntl 

CANCEL OPT[ <hnenum> ) ; 

This ciliceis all ~It'p\ I'Ir a .t('dll«'tion with LINEN\.IIIM sreater than or ftJull to LlNENUM Thus you 
can remon ""Wll1trd ~tt'P' from a drduction p.ovided they Ire ailal the t7ltl of the PROOF. If no 
LlNENUM is spfeiried. ouly tbe lut line is caneelled. 

Steti01l 4.'" Tltt SHOW (ommalld 

Tile SHOW c:o"",und it, uwti to di\I,lay information gfllerattd b, FOl. Thl' Intl'nt of the 
present conun.lld u to allow you to di\pla, inforlnltion about. dl'rlvlt\on a' 'he con~ole and 
save it ~n a file. The i"tcogtr after 'he FILENAME bec:omfS the IInel"'I'" while Ihis command I. 
Ic:tlve. 

c ...... , .... ,. ,. lilT! rltoor OI'T( C""","I" 1 
STEPS OPT! c .... llib I 
AXIO" OPT! ....... 1111:0 J 
D£ClAIIATJOIIS OPT! ._1",.. J 
C[N(lIlILlTv OI'TI ..... In'.. J I 
lABEl S OPTI .1_llnl •• J J 

........ 11 ... ,. ItCl'Il ............. c •• OPTt.lI 

efllen ••• > OPT( <Inte~er~ )) I 

......... ,..c. ,. IIlU OI'TI .11"."",0. 1 I III'Tl cll_> 1 I .11...-. I 

.... c .. ,'o. ,. II[PlI IILtr •• II"'IJ .... II'Tr , ._bl I 
.lohOJ"> I 
SOltTS I. "''',11 

..... 1 .. 10. •• lI£fllI •• ."b. OI'TI.I 1 

.' .. 11"'0 ••• "'fill IlL" .I_h I ct'.....,..1 • 111'''.1 J 
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RANGESPEC may hI' nf Ihl' flltlll 2:1 lit 'tl:6!j or :65 or 34: nr (,\'('11 :. 11\ 1111':1 IIi "!! i\ l'illlf'l .1 'ill~l .. 
lINfNUM O( a r:111~1' of IINHJlJM\. If a nu",bn ~ta"d, alolll' it Sill1111y "'1':\11' Ihi- IlIlml!n. If 
tht'rl' arl' Iwn IIlIlIIhl'l'\ \I'Jl:lt:llf'd hy :I cololl. tht' ra,,!:t' j\ from Iltt' fin. In '"I' '.1'. " ... 1. If 
numb('n dn 1101 :lI'I'I'M nil ('jlhl'r ,,,iI' nr Iht' (olon Ihl'lI Iht Ilrrault ,.1 0 .... 'hI' I .• ', linr i. 
aUIIIII .. d. An rOl:'YM i\ .11lY dr".1I1',1 i"rnlirirr and 'holV ITI"rll' iI' ~.rllil ,.10 ntifi" a",1 -h"'11 
rt'turns al)proprialt' ~y lila ", ic. infollnal ion. 

tH"~HOII rpoo. J.~,r,.H" rO.l.pA.:'r:,ET,IIIIII) .2, 

this writf'S lint'- I, ~ 105, JG 10 tilt' lasl lillt' of tht' prnor nlilo Iht' fill' FOO.IIA1[<;ET.ICWW) with 
a lint'll'ng'Ih of n. 

displays thl' proof 011 rhr COII,olt'. 

Tht' nt"" (',a"'plr, la~1'1i from an actual tl'51 file. show, IlIr lo.ind of ,yn':u tit illfflrllla'~OIl 
dlsplayt'd by a '\lIow d"d:ualiolls" (Om maud. 

".·,jHOII OEClIIPn'lOIiS E""Y •• ~ c~r,~ I,,,n' b'nllrYI"I/,; 

• .a IIIOV~R 0 I aor 1 INTEcr, . I. OP(CHS' I". ,,~ ... '" 01 INl£G[R • lIlIEIi(R. AM 1\ ••• """. '\ lNIH.1 nil. h',n ,·.Io~nl 

! I~ PR[CCONJ' 
I.·. do .. ~ I n IS INl£G£R • INTECER Il. 1'·0 RolOIl) 

C" '" I ~ (lI'CONr. T 
Tt.. do .... " I~ p.~TlS • lYlES •• nll 'he r~nq .... 8VTrS 

Iront •• OPeONST 
It.. do ... " I. BYlrS. MId llIe r.",. " BYTESI"'~~O) 

':H :5HOII D£ClAIIA110N SORIS. 

shows an tht I'PEDcnNS T, of ARITY I Ii.r. all of tli,SORT\) 

SIIOW ~o"'lIIand\ do tht ohviOl" IIl1ng in conjunction with tilt disl,lay fratur", IUfIIf'd on by 
DISPLAV. 
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SICfl"" 4." Tit, DISPL.AY co,""uuld 

DISPLAV OPT( <dieplaytype> I I 

4d I., 1 a 'I ''IP.' I. All[ ,,,our I 
STEPS I 
AI 101'1 I 
ATTACHnENTS I 
OECLARAT IONS I 
LAIUS I 
STATUS J 

FOL mly fllte aovanlagr of Ihe display fellures of the Stlnford DatiDIsc: sY$lem by means of 
this command. 

For nalnplr: 

..... DISPLAy 1 

creatrs a display window of full-serl.'pn width. into which Ihe steps of thp proof are dlsplaytd as 
the derivalion COlltinnl's. Thp .. agr-prinler Is restricted to the bottom eight lines of the serHn. If 
the arcu."enl h 1I0n·null Ihen the 'proof' window Is restric:lfd 10 half·sc:rren wldlh. and a second 
window. apprnpriatf'ly labellfd. occupies Ihe other hllf of the scrren e., . 

•••• tDl'PLAy '.IOI'IS , 

causes an 'axiom' window 10 be opened. and all nloms are prlnlrd 10 that window. rather Ihan 
to the 'proof' window or Ihf' pag •• printer. 

Whalev.r Ihe cllrrt'nl\tatr of the dhpla,. 'DISPLA Y (null)' eausrs the 'prnof' window to be 
regenerated. togrthn with thr last five linrs of Ihe proof. if any. Any olher windows which may 
be presenl are fJu.hl.'d. This method is slow and cannot be used from Il.'lelyprs. but provides a 
much morr cOllvenient wily of displayi .. , Ihe steps of Ihe proofs Ind other Information . 

.... tUflOISPLAY I 

ftstores Ihe scrren 10 no", •• ' teletype mode. 

EKIT I 

Tltl. eomma .. d relurns Ihe uaer 10 Ihe naonlt .. ln a slale appropriate for saving hll core-Image. 
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SPOOL 0( f i I ('n.lnlf' ~: ysr(lOL < f i I ~n;'\ftle> 

TII .. se caUst' tltt' 'filr'lIallJ(" In bl' 'l'flflll'II 011 til .. aPIJroprialr dr\'icr (L1'T IIr \(.1'1 

S(CiUln 4.S8 TIll' TTr I """,w.71,1 

TTY : 

This rt'~('I\ Ih(' prilltilll! rlllllin('\ \0 lhal 11It'1 art' Irlrlypr ralht'r Ih:", di'llla~ flril'l1Il(l In Ihi' 
.node, flit' lo~i(al rOlllll'rlivl's art' rI'IH(,\(,lIlrd by NOT, OR. k or AN£) ...... 01 IMI', .. IIr H~lI1V. 

FORALL. EXISTS. 
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Appendix I 

FORMAL DESCRIPTION OF FOL 

Th. non-d"crlpflvf ~y",bol~ of FOL divide Into SYNTYPEa I. follow.: 

I. Individual v.ri.blrs - INOVAR. There are denumerably Inany individual variable ,ymbols. We 
use ".1,1 as meta·variables For th"llIl 

2. Individual p.rametfn - INOPAR. Th.re are denumerably man1 Individual parameter symbols. 
As mera-varlablts Wf us. a.b.c; 

S. n-plac. prrdlut. paralntter. • PREOPAR. For rach n thrre are denumerably Inany predicate 
parlm.t.r symbols. An II·place PREDPAR 1IIIId to hive ARITY nJ 

I) Sent.ntial tonstanta • SENTCONSTI fALSE Ind TRUE. 
b) Sentential connective. • SENTCONf "",v,';" •• 
c:) Q..uantifiers • QUANT: V and 3; 

I. AUlrmary slCn •• AUXSYM: plrelltll"'s (,). 

A particular FOt langulge Is distinguished from a pure firs' order languag. by declarln, 
certain constallt ,ymbol,. These have 'lie SYNTYPEs: 

I. Individual cClI\uants • INDCONST: 

2. R-pllce predle;tf const..... • PREDCONST. Each n.place PREDCONST hu AAITY n; 

S. n-pllce operation symbols • oPCONST. Like PREOPARI .Ich h .. In ARlTY. Some authors call 
OPCONSTs functio .. 'ymbols: 

Each SYNTYPE Is assumed to bf diljolnt froM all 01 ....... 

TERM. 

t I •• TERM In rOL if either 
l. t I. aft INDPAR,IN)VAR, Of' In N)C()NST, or 
2. t I. '(1 ,.tz.. ... tJ. whtrt I Is an OPCONST 01 AAITY n Ind t, Is I TERM. 
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A I, an alilmic wt'll-formpd formula or AWFF If 
I. A h nut of thl'~ylllbol$ -FALSE- or "TRUE-. 
2. A Is Ph I ..... t .. ) wlu're P is a PREOPAR or a PREOCONST of ARfTY n. 

The notion of well-formed formula or WFF i. defined inductively by: 
I. An ,\WFF h a WFF. 
2. If A aud Bare WFF •• then so art (AhB). (AvB). (A:tB~ (AlB). and "(AI. 
5. If A is a WFF. then so are V".A Ind JX.A provided that" I, an INOVAR. 

The ulual d~flnitinn' of free and boulld varlablel apply and can be found In any standard logic 
text (e.g. Matllrmatlcai Logic by S.C. Kleen,). Below the uaual cannntions for omitting 
parenthe5f5 will be u5t'd. 

SlIBFORMULAS 

Th. notion of SUBFORMULA is ddinrd InducUftl, 
I. A II a SueFORMlA.A of A. 
2. If RAC. BvC. B~. B'C. or .. B II a SUBFORMJLA of A so are Bind C. 
S. If V".B or Jx.B II a SUBF~A 0' A.IOII Blt~x~ 

The notatlolls A[I~"] and A(t~u). where A reprrSfnU I WFF. t. u TERMs Illd " In INOVAR are 
uHd 10 denote the result of substituting x or u. respec:tiftly. for aU Otturrpnres of t In A (If 
Iny). In contuu where ;i :It'tatioll like Alt~x) I, uled. It I. alway. ISSUlllrd thlt t dots not occur 
In A within Iht' ~r.npt' of 3 'Iuantifit'r tl.at II l ... medial"ly followed bY:le. Tht notltlon Alx~tl. 
denotel thr result of sub,lIlulin, l for aU fm occurrence. of :le. 

Th. notation A(a~x.x~l] mean, thf rfMllt of flrat aubttitutlnr x for I and nlfn t for x. To 
denote ,Imuitantllul subilitution we UM A[I~xlX.tl 
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Appendix 2 

TilE SYNTAX OF THE MACHINE IMPLEMENTATION OF FOL 

I" ,lIiI rnllnlllll ,h,. ,.lIfn\ nl fOl. ",ill '"' 4t'urill,II .. ,jll, II ",odi/i,,1l 10'''' 0/ ,,,,, M 1.ISP: II"lion 01 
pou"n, 1''',..,. ''''111 ,h,. lInd" "OIlI',ur.1I 01 .1.,. ;'01. ptar_,.,. 

I. I",."ti/i,.,. lA.hi .. " "",."", in ,..H"'"~ .",,, co'" c.k .. n II,,,,.,,,,,. 
2. PfI'lI'rrb lor .y.lln .. cir ''V''''' 11'1' 'I&r'n~'nd"cl 6)' .".1. 6,..d" ... 
J, PflUI"'" 10' "",,.,i,ill"' fir" d"';/lnll,,.tllty. 

R,,;/'O{</,III1""I>/ rn"am 0 fI' mOl'fll'flpM/,,1I PIITTI:RN •• 
H,.;Pn!<"tllI,.rn>/ m"tllI' n fI,. IIIO"I! r('pt'tlleil PIITT,.:RN •• 

II II H";PtJ II,. " R,.:P" "tI' ,,,,,, "'II'"/11,.n" .It.!" Iltl! .,.,..,,11 1I"UIII,,"1 it a po",.'11 .INt, flrla Il' a 
."""m'G,.. SG """ R":I'I!~I..jf> ./ ", .. till. OM or mo,l' WFFs ."pa,a,,.tf by romm ... 
4. 1I11,.,nll,i",.. liN'''''' til /If.T/<p/I1'n:RN'>I_I<PIJ1T,.;RN,,>/. 
11I.T/<fII/f>I<ri'rm> I m,./lII. ,.ill.,., II WFF' or a TERM. 
S. Op,ioll." ,Mlllt.' "/'P"''' '" OPT/<,..",.r,.>1 

H":P21<,,'If>.()PT/.J/ ", .. on. a ..., •• M. 0/ CIllO or "'Ol'fl WFFs op,'olloII,. '('pon'l'd b~ 
ramnllu. 

rJ.,..1J l:OnV"III."r!' .",. rGmhj",.fllIli,It ,Itt! ... lIfIar4 lIeelr •• Norm.' Form ""'0';011. 

BlSle fOL $)'m~_ols 

In an Iutmpt to lIIa"t lift ... sltr for UHf", the FOL parstr mile.,. Inor. careful distinction. 
about thf Ichlds of sYlllbnls Ihlt it srt" thin the prtylous dt.crlption Indlelt!d. 

< I "d&",_. ,. Alf! <1"dVI" I c,~ ... 
II: .naiv.,." •• <,d, ... IIII,r. 

, •• 'd, ... IIII" • .. I "-,I"'» 
<I"de ....... .. AUI cl ... "tlll.". 

« 1 ... 11,,,. 

<.,IV·· .. lilT! CO" .... 

<o,plr. ,. «ldllll"I .... 
co,co"'''' •• <ld .... II" .... 
• p,.,op. •• <01'_11" 
C'"'op. ,. '0II&0j-
..... Iop. ,. <0II10j.' 

.,.. ........ •• lUI <"".-.r, I 
',..edpl'. •• cl ..... II'I ... ' 
c,..ecle ... ll. ,. e Icltnt 1'1 .... 
<,....,..d • .. .. ,..ed • .,... 

"''''pr.'. •• <' •• dl .... 
..... 'pr .... •• .pr ....... 

c,." •• ..,." ,. AU! •• "'1,.... ....... ,"'. •• .ld ... II'I .... 
...... Ic'". t. ,. IIlTl FIlL. 

tII\IE 

cepc_b 

clII' __ " 

cI .. le_'. 

e' .... _1> J 

J 

, ,1,e 'ar ltd JIIDVIIIt 
,He: ,..... IIIOIIQII 
I •• e, ..... IIIOCONST 
,110 ... el ......... _ ...... 1/ 

IMe I"'" .". 
IMeI"'.' OPCONST 
,RlITY 1 .... Hc'''''' "E'IX 
,MITY Z .... He, ..... 1 .. llI 
,MllY" .... nol He, ..... , I." ... PIIE_ 

,He: ,...... PllEIIPAI 
'_' ..... d PllEOCONST 
,RlnY 1 aM Hel ...... mF11I 
,MltV Z aM ... , ...... IWII1 
,MITV n ..... lie' .. , ...... , I ..... PIlE lite 

,_'Ir'" SEIlTfIM 
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.ld.,,1 I' Ilr. tellclarld SENTCOIIST 
, IIiF or 'liE die 

~I.nleonn. ,. ALT( ~ I NOT I '"',I'lon 
,dl.juncIIO" 
,con,unc lion 
,1.,llclll,,, 

" .. tvl'lnCl 

cpr, 10,. 
c In' 10,. 

TERMI 

v I Oil I 
·I'IAND 
;) I • I 'III' 
• I • I £OUIV 

, • ALl I ~ I IIOT I 
I. AL T I v I 011 I A I , I lIIIO I ~ I • I IIII' I I I • I IGUIY J 

I. AL TI V I FOIIfILL I 1 I Ellar. J 

Pa,e 48 

The FOL l)'ntAX for TERMs allows for both prefix operator. and binary Infix ope,alorl, al well 
IS Ihe ulual fUnction application nolatlon. Any undeclared identifier eall be declared a., 
operallon constant (OPCONST) using the DECLARE command. With proper declaralion the 
following are TERMs: 

f , .. -..,.,("'..,02" 
CAli 
e.rl".1I1 
''I080T .80X1,OOOllIUI",IV".' 1'1 '''.11111 

,I .... r •• 1 (.R, 8.C.1 

et.ra. leAL TI 

_.,."1 .. 1. 
.,..111,,1 ... 1. 
cln' txt ... ,. 
e •• 1 t .... . 
enl"",.,.,. •• 
ecltllt ,., I. 

<'n~sy •• 
ca""I,.,..,. 
~"r.'I. IIrOl. 
eln".'.,. .. . 
e,,1 , .... . 
cn_IUIII. t ..... 
cC_,.,.I. 
C e'.,.,. I 

I. '''''''. ( c'IPIII.b 
I_ • .". .... ctlP" .e <t.,... cln'... ct_ 
,e I el.,.IIII" I 
._ « cl.,.11I11> » .e I cIMy". I c .. ft. I 

.- 1['11 ctlP" • '.,".1 I 

These are illustrated above and may be uMd at a.y ".e. Other ,dclltlons may occur from time 
to time. 

Of course. the appropriate reslrlctlon ... tile SORT. 01 the ar, •• enl. !If tile OPSYMs mu.l be 
met. 

AWFFs 

AWFFI are form'" Ilmllarl,. but cannot be nested. 
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., .. ". ;. RLl! .bu •• lf> 
... aPP·.JwtIJt 
.p,·."w.h· 
C In' • .,' ':II 

.It ...... , f. ,. ALT! cstn"\tMJt 
cpredpa,,. 11I1t1l AIlITY • 

c""'''''' ,. .applp.ad. I eler.III" ) 
<.r .... ' .. ,. "'p,..pr,d;,. <ter.,. 
< Ift, ... 1 I> ,. e tlrM,. .''''pred. 

Examplts of A WFFs art' 

tA,I,III! 'KI3t.lhZ,ZIK' 
,.,11 •• ", 'a ,1111 
tr.,yh ·urleD".I.,~" 

clw •• 

Equality Is trralt'd u any olllt'r predlcalt' constanl. but tht' systtm !:nows abc-ut the 
subsUtution of (''1uals for PfJuals. It does not !cnow that M8 is usually Inlfrprrtl!Cll$ --(A-B). bllt 
tffats it a, any otht'r prtdiCltt' s,.nbol. 

c,,'f> ,. tAL T •• '.nrl .. rd "~.' 0,. ..... , .. " , • .",. I 
cvl> , IDPl <lubp ... ,.1 IIIP' 0 ... ,_.,..,..1 

Tht Iyntu for WF"F"s allnws tht' fo"owin, abbreviations and options. 

Tht prhnitivt' logical symbols art: 

Cllfh .. AlT( .,..'_'b I .,.. ... 'b I <III'lIth , 

."r'_". ,. ALT! .... 11. I .... "' .. 110 I C CII't. I J 
cp"I .. II. .. .pr.,o9> c,..I_II • 
• ,nh"" ,. <.r, .. '1> «Iftfl., •• "",.fI • 
• quln, .. 11> ,. rllu"",,,,,.ftu .... Ih.fl> 
,,,lntllr."o ,_ ALl! .tlllant> It'll c,MY ..... , ..... , ... " C ... lfth ~t'll <I...,.,.. J 

,. I[PI' ."",,,' J ,,,,'.'f • 
I 
J 

Port'ft,lef'M" may btl omiuf'1i _ .. Ii ,Ie"R .uoefa,'" i. I. ,Iu> ",AI. ,It I • .... , f!ollil&"«,Ii.,,, bi,," •• Ie_ 
"rn"~f"'. /"lInlll"II II,. tli.junr!io,.. 'm",irad.,. .M f'tIM1 .. 1f'Mff, Nf'«.doft •• , _" fl. 60,,. 'Il&an,,/ura. 
'",11 ,. ,lito ,".r,,.,, WFF .~ ,1tMr "«"', TAu V •• P(spP(1t)"" par • •• (Vs.P(,,)pP(.) ftot ., 
V:rr.(P(.):)P(td)! 

We can write adjacent Cluantlfl", of the .... type t •• ther. 10 'I",V,.'(x.,) can be written 'Ix 
y.P(x.y). FOL .Iso acct'pts (V,.)(Vy)P(x.,) or (Vx 1)P(X.,' r ... Vx.Vy.P(x'l). 

Within a .lfCluc:tlon there II • completely ,enera' way of 'peclfyioC .ny 6ubpart of any TERM or 
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WFF ahtady IlItlli iOllrd. WI' ;lCcomplish this by mUII5 of a SUBPART dtsignator. Derivations 
eonsi$t of WFFs. parh of which ha~ a LlNENUM The WFF w!lieh appeus 011 this line is designated 
by following it with II cnloll. If 

is line 10 of 501llt' drrlvation Ihtll 10: rtprrsents the WFF on that line. I.e. Y" y.(P(f(")):IQ(h(".y))). 
Furthtrmorr. subparts of sud. a WFF CAlI be de5lrnatt'd by a SUBPART drsignator . 

•• ubP.~h ,. ~[Pj( , <,n'.9.~> I 

The Intl'grr denolt's which branch of the subpart tree you wish to go dowli. Quantified formulas 
Ind negalions have oilly one inllnediale 5ubpart. called ... The other 5elltrnlill COlll1ectives elch 
have two. for prtdkal(,5 and function symbols tile number of Immediate subparts Is 
determined by their ARITYs. Any conflict with these will produce In error. Thus 

11,'1 YII.IPlfblbQlhl •• V'" 
11.12 (RROR 
11,11111211 • hl •• V' 
1.,11111112 • (RROR CP h •• A~ITY II. 

Substitutions in Wr~and TERMs 

Ollt:l' you haVl' nal11t'd a WFF. you can use a substitution operator to perform an arbitruy 
.ubsUtut iOIl 

.SUbl'_oper. ,. I REPII'lubslllltb,OPTI ,Il J 
'lublll'llI. ,. AlTl ".r •• ~ «t.~ •• I «lIfI •• ClI'h I 

Examples: 

lI,'H •• ROBOTI • y.". CPIf CROBOTI l,g IIIIRDlOT,yl II 
11,11'1 If C.I~I!OBOT,OChC. 'VIl~PC.1l • "IIO""~I.I 
11,1111111111 U',Illl111111l.R080Tl. !IDIOT 
lI"lI.~' '~Jl. V~1. CPC""~",,glll"IY' ... &lII. 

N.'ff: ,It .. .. ,Iu';".,i",. fl/''''II'II' dll"."~ ,,.., 6ea1t4l ........ ,,, ill .IIf' I." "Jr .... ",,,. TAil IH'f'IIfIII,mj 'ltfl y '" 
/(,) /ro ... "Nomin. bflU,.J. S ....... e.j·,n "n ...... , ... ..... 

WFFI and TE~hAs thus haye Ihe following allernatl" "nlaxl 

There is an ambiguity 35 SUBPART may produce onl, a WFF where a TERM Is nrc~ssary «('Ir the 
oth.. way aro,,"d~ FOL eherh fnr thl' and will nOI allow a mistak.. Such a lubpart 
designator can be u~1.'d wltl'lu'vl'r Ihe !Y'ltax calls for a WFF or TERM. 
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Anoille-r labtl fD, handling well·formed t'xpre-sllons is the- VL 

<vi> '" AlTl clnt.qer> I <I.bel. OPTlAlTI .1-1 <lnle9.~.1 I 
< •• ~e'. I REPll·l 1 

Page 5l 

The optional. or • (intrger> after a label deslcnates an offset froln the IUtntiontd labtl b1 the 
Ilnount desiCII.ltd. 

The list altm.a"vt has 1I0t bl't'll prtvioully mentluned. Iu Ineanlne II the n-tlt prevIous line, 
where n II the number of ••• Signs. 
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Appendix I 

AXIOMS fOR ZERMELO fRAENKEL SET THEORV 

Th~ axioms prpsPllted IIprp and ill appendix" are eumples of the pxprp5sion ill FOL of the 
c:onvtlltio,lal Ztrllltlr;·Fraellhl an(l Coedel·Bernays-yon Neumann stl theorits. We believ~ that 
th~ practical \I~P nf .. rt thfOl'y for ,,,athemaUcal and c:ompliter ~ienc:e proofs will re'luire an 
extended I',actiral syslem. 

OECLARE PR[DeONST ( 21lNF1, 
DECLARE PR[DeONST c 211NFJ, 
DECLARE OPCONST U 21iHFJ, 
DECLARE INOVAR r • I u v II • , I, 
D~CLARC 'RED'AR II 2 I J, 

AIIIO" ZF. 
EXT. 
E!lT. 
PAIR. 
UNION. 
IN' I 

ItEPL. 

S(P, 
POI/Elt, 
MG. 

v. OJ. 1'1 •. II( "'1 IIh •• .,,11 
1.,W\I'~(" 
V • .". Jr. 'I ... 1"<r~w"vw·II) I 
'1 •. 3';4' Wz. II( y.3t. Iz( "1(.111 
] •. (0, '~W\I. Iy •• ;,(yUIIjIIt.,I; 
'1,,]';4'." 'A( •• ZI~'('ll ;, 
'Iu.lv.I'Ir. Ir(V I l,. C .. u,ACs,rllll, 
'1 •. ],..'12. (uyu, • .f,III', 
'1 •• 3\1' 'I •. Cl. yHC.), 
'1 •• 311' , .. lvIII' uYz.lI, .2~zllj))I,,1 

• bl_IeII''''1I 
J Nul' .tt 
J lInorder" pllr 

Z SUII "' 
Z 1111 (111111 
J R.p'lceMn' 

.,. S.pI ... ' Iell "p-,. .. , 
J •• ",lor"l1 

7 Rep lice .. " I II equlvll.n' t. 1 
J 'I •• (~.AIx.'1"V'I •• CAh • .",.ACI.z'2\I"Z)) :J 7. 
7 'Iu.lv. (Vr. !r(v • ls.I.,uAAI.,r)))) it 
1 or VI.l''1.Ab • .,':> Vu.l •• Wr.(rcy • h.CS(uARC •• rlll I 

I Dellnllions 7 
DECLARE 'REOCONS' rUN '.INTO 2.'SUISET 211NFI, 
"'CLME o,eONST ,. ... 1 .... 1, 

11111111 
SUI'lSlT. 
PROPSUISETI 
"""fUNI 
UN ITSETFlJN I 
OPIU_FU ... 
'UIICTI0111 

1I0f1A11i 
.lINIit I 
IIITO. 
UNU., 

'I • .". CIC".V:c. CU.~:I( .. II, 
'I., 1./. CIlSUI5(TC •• ."h"CWA~."'" 
v. ':I •• I:le 1 •• 111 ........ '1', 
'I •. C I.'.' ..... " 
v • .". C .1., .. 111".1 •• \111 " 
v". cfUIII",.V,. '1<,,:11. ,. Ca.c.,\I~Ilj\ 

WI ." '.I .•. Ij .... A .... '"".,1 I, 
V .. It. btol.eh,hrUNlwlAlII I. Cejc" ..... c •• I.I'1 
'I .. •• I., rll'l 1,,1 ,fUN 'wlAlv •• CI/C,,"V.c1 ••• II, 
'I .. I. UNIDI .... lrrn.,h.'cd, 
'I. ~ r. (".I~,,,, •. l(.,,,, , 
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Appendhc 4 

AXIOMS FOR GOEDEL-BERNAVS.VON NEUMANN SET THEORY 

~OSTG[N[RAl C"." 
DECLARE PReoeONS' c,~ •• S., 11 
DECL.ARE PR[OCONS T , IC I ... , C I A ••• I I Nfl , 
DECLARE PREOCONS' cIS.',Cla •• IIINfl, 
DECLARE INDY~~ A 8 C f CI ••••• ~ u v ~ f S.'I 
MClARE PR[DCONST £ ... ,~ O"."."IIIC' ... '.O,.jo''''CCI •••• C' ••• " 

AXIO" NCB, 

klASS. 
15S£1, 
eQUAL, 
["PTV, 
PAIIIS, 

CLASS, 

rllD, 

y •. CI ... h., 
'fA '.IA,hS.'IAII, 
"A I C.IICdl.CII, ••• ". 
l··"Y·~I·1 
'f. ~.3u.Y".I,,(u'v .... y.\/I, 

[PI: lA.Vu v.«".V •• RIUI,," 
INT, VA i.]C.Vu. I ... C.", R .... ", 
COMP, VA. JR. Vu. (u ........ A', 
PIIOJ. YA.311.Y".luI"]v.,u,v ••• ', 
PROD, VA.j~.Vu ".I.v, .. ,8.v,A', 
CONY, VA. 38."v ",(,v, •• , ••• ",u.,A', 
TIIII. YR.38.Vu v ... (.".".0(8.<v .... ">(II', 
T1I12. "A.la.Vu v ... (.u." .... (8.<u .... v>(II'1I 

INf, 
UNION. 
PUllER, 
REPl, 

l ... (-(lip 'Y'"' ,"v. (VI .. ,]00. ('" ""~v'''AYCII'''' 
VII. lv.V .... (1IC.".lu~("'1 
" ... lv. V ... Clleu,",1 v" 
Vu •• COMII""J CllhJv. V ... (we Vll,.. b( II,.C". ncA)) I" 

Reproduced from 
best available copy 
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Appendix S 

INTlIITIONISTIC MODAL lOGICS 

Tht bt\t 1<1I0WII 1II",I,djlit'~ art' Iht' so callrd 'n/rri", , nnt'~, illl'oh illl! 'I,',t" <I",' N ,l and 
POHINIt,,·(M.l: hili lIIall~' "Iher \l'lllellli:ll o()traton w.,irh ,.i'p':1Y 11I0d.1I,I':lI," I,'rr"j" h,l\'e 11('('11 
studied. l'!:, r: (or ";",,,.IiIY (nud,·"I',!jJ). f( alld B for ~llo\OIt'''!rl' :111d "rlid IlJillliH,l,I'II.'J). I' for 
ptre('plinl~ (JlillliUa.I'II,'II, Thl',r Iallrr modaliliri arl' Ihl' ,"bjl'rt of illlrll'I\'r I ("r:lll h ill Inl!iC' 
al IlIr molllent •. ,,"1.1 ,olllpreht'II,i\'(' "'lIIalllies ha~ 111'('11 noh'('d for 'Ollie flf Ihrm !l{rip~,·.I'l'il. 
Hinti" "a.I!IG!I) TIt!'rr:lf(, \liJlllIany .lifficlIll probkll1" "'pl'dally in Ihl' (',1'" "f '1":lIIlifi, :'IIiOIl 

Into llIodal emu!'''I''. \\,'hru' Iht' Ir:ulilion.1 mit' .. of .. "b'lillll:1bilily of "'1"inklll\ :11111 nf 

txbltnli,,1 !!t'III",llil.1lin " do 1101 \(,(,111 10 hold, Tbi. ha~ It'd to a r"forllllllMioll nf many 
olltologi('al IIoljnll\ ill '1'1.llllifi(,:1linll Ih(·oryhrt. for l':ulIIl,II', (liintiH:1.1'1', .. , :\1It1 II;nlh"ttal,I'l(ifl). 

(Nn,(' ,",,, ".,,,f,,1 "I,rr"',,,' fir" '"III,.",i,,1 """r",,,r. "1,, .. "",,., "/,,.,.i,,1 l'i"rI. ",,' r'pr I't ·'·,f r, r" I, io "'" 
po,Uihl(' In r"fI",d ",,,d,,1 "1"'rII'nr' ", "/'I,hi"1I ,n 1I1t",",1 "I ... ", .. " .. ". n, In,,,,,,/,,(' ,. i""" •• '''';''11 ,I". 
ptlu,,,,.I,,' ,0('",,,,,,j,.,.1 •• ,,,. }II' .. , ""'",,. "''''''''II''f', ,II(,J I) 

.n rltt rllrrtlll illll''''llIrlll;lIioll. IlIl' lI~rr lIIay ddillP nnn·,talubrd "'011:11 'y'trm, 311d 0111'1 :t.'flr~. 
Ltwis S4 alld ~!i, lIinliHa', KRK :lnd KBB«(lI',cit.) ar(' alrrady IIV3i1ahlr. 101:t'tllf'r witll Iht 
optralon N(lIl'r"\'.1Fily). M(poHiblyl. I\(knows), B(btlitvl'\), 

(a) Tltr CI."inl S)"ltlll\ T, S4 alld <;~ 

VOlt Wrighl\ \1'Il'lll. T (\'Oll Wrighl,I!I!l1) is got from lPC by adding: 
A!i: N,.,::> I' 
AG: N.fll::>I)) ~ (N,p ~ N,'1) 

lewis's ~ysrl'''' Sot (l.('wh.\OLallgford.lIJ'2\ is cot from T by addillg: 
A7: N,I' ::> NN.p 

lewis's S5 by addillg: 
A~: M.I' ~ NM.p 

(b) Natllul Dl'dllClio,1 Spll'lItS or MnfI:11 Logic 

(I) Thr\r .1I'r h .. ,rd on minimal. da!,!\iclland illtuilinni~tic Ingin: 

Prlwitz hn two in'ptrllcr rull" rnr S4: 
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Nil a NE) N.a 

N.a a 

and II f(lrrr\pOlldill!! (Irtlurllon nail' for NI. wilen Ihr proof or drdurlion of 'a' ,I"I,rll(h (lIl/oy on 
modal forllllll:l\. 

111 Sj, N.a:::la lIIay IIr illfrrrrd aho wlll'lI rnry formula ill Ihl' drprlld"lIfY \rl i\ rilbf'r a 1II0dai 
formula or Ihl' IIr~atinn of a lIIodallofmula. begin indent 5,0 (41 Po\silJility sy'Irlll~: 

Th~ po~sibilily npl'ralnr, M. may bl' added b)' ml'an$ of Ihe nale:' 

Mil a MEl M.I Ie b 

M.a b 

Whl'1I IhC'\l' rulr\ arr ;ulcll'll. IIIf drdllliion full' for NI IIIU\I bl' lIIoC\ifircl 10 IIr \illlilar In 1111' rult' 
ME. 

In till' da\\icall.rwi\ \y\Irl1l~, M allli N ma), be intl'fddinrd.l'.g. M.a:::l-N-.I ami N.a :> -1\1-.3. but 
In Ihr PrawilZ 'y'Irlll Ihh i~ lIot I)O"jlllt'. 

Till' ~ynlax fn!' lIIodal fllrllllll;lt' i\ idrntiul to that nf \Undard fnrmular. ('x('('I" that WI f'. may 
bl' prrcrdrd by I fir IIInrr IIIndal nl,('ulor .. (lnd hnbfddrd -). fnllnwpd by a ','. So a "priod 

."'Od.llwf f" : _ • ",cut.lpr.' I.,,. ."r .... , I,. 
• litO'''' t pr _. i .. ,. :.. ... _"' I f I.r 10 '. 

For n3lUplr, NMN-MMNNMNMNM.A and V".M.P(x):::IMM.p(x) arp wrll·foflllf'd. 

Wltl'n scallllill!: for lIIodal forllIular i\ lurnl'd 011 u$illg Ihl' 'TIH:ORY' ('oillnund hrl' Sec.lion 
4.131. thC' followin~ rull'\ thl'n brcolllt' availab~: 

N U:I <lill(' 1II1111l1rr>. NH:r. <linr-nul11brf> 
POSSI <lilll"lIlIlIIbt'r), POSSE <lint-llumbl'f> 

I' definrrf by I Ill' rOllctilinm IIbo\,r.(Nolc.' cafrfully till' c\l'pl'lIdrllry r('\lric'lioll" 
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